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ABSTRACT

Training Methodology for a Multiplication Free Implementable Operator
Based Neural Networks

Yildiz, Ozan
M.S., Department of Computer Engineering

Supervisor : Prof. Dr. Fatos T. Yarman Vural

August 2017, [I42] pages

Technological advances opened new possibilities for computing environments includ-
ing smart phones, smart appliances, and drones. Engineers try to make these devices
smart, self-sustaining through usage of machine learning techniques. However, most
of the mobile environments have limited resources like memory, computing power
and battery, and consequently traditional machine learning algorithms which require
relatively high resources might not be suitable for them. Therefore, efficient versions
of traditional machine learning algorithms receives interest for these kinds of envi-
ronments. Recently, an operator named the ef-operator, which avoids multiplication
is proposed as an alternative to classic vector multiplication. Recent studies, showed
that ef-operator can be used on machine learning problems with small degradation
on performance to gain energy efficiency. This thesis concerns with the application
of this ef-operator over artificial neural networks. An artificial neural network ar-
chitecture based of this ef-operator proposed which can approximate any Lebesgue

integrable function. Applicability of standard backpropagation algorithm for this new



network architecture is analyzed and a modified version of backpropagation algorithm

with a line search step proposed for training this network architecture.

Keywords: Artificial Neural Networks, Mulitplication Free Operator, Backpropaga-

tion, Line Search
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0z

CARPMASIZ HESAPLANABILEN OPERATOR BAZLI YAPAY SINIR
AGLARI iCiN OGRENME METODU

Yildiz, Ozan
Yiiksek Lisans, Bilgisayar Miihendisligi Boliimii

Tez Yoneticisi : Prof. Dr. Fatog T. Yarman Vural

Agustos 2017, [142] sayfa

Teknolojik gelismeler sonucu drone, akilli telefon ve ev aletleri gibi cihazlarda he-
saplamalar yapilmaya baslandi. Miihendisler, bu cihazlar1i makine 6grenme teknikleri
yardimiyla akilli ve kendi kendine idare eden bir hale getirmeye ¢alisiyor. Ancak, bu
cihazlarin biiyiik cogunlugu sinirli hafiza, hesaplama kapasitesi ve bataryaya sahip.
Dolayisiyla, fazla kaynak gerektiren standart makine dgrenme teknikleri bu cihazlar
icin ¢cok uygun degil. Bu nedenle, enerji verimli makine 6grenme teknikleri bu cihaz-
larda kullanilmak iizere ilgi gormektedir. Yakin zamanda, klasik vektor carpimi yerine
ef-operator isimli ¢carpmadan kacinan bir operatdr 6nerildi. Bu operatoriin makine
o0grenme tekniklerinde, ufak bir performans kaybiyla, enerji verimliligini arttirmak
icin kullanilabilecegi ge¢mis caligsmalarda gosterilmis. Bu tezde, ef-operatoriiniin ya-
pay sinir aglarinda kullanilabilirligi irdelendi. Lebesgue integrallenebilir fonksiyon-
lar1 yakinsama yetenegine sahip ef-operatoriine dayali bir yapay sinir ag1 yapisi one-

risi onerildi. Onerilen bu yapay sinir ag1 yapisin1 egitmek icin standart geri yayilim

Vil



algoritmasi incelendi ve bu yapay sinir aglarinin egitmek i¢in dogrusal arama iceren

bir geri yayilim algoritmasi onerildi.

Anahtar Kelimeler: Yapay Sinir Aglari, Carpmasiz Hesaplanabilen Operator, Geri
Yayilim, Dogrusal Arama
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CHAPTER 1

INTRODUCTION

Artificial neural networks are biologically inspired powerful machine learning algo-
rithms with a variety of application areas with relatively high success rates compared
to many popular statistical learning methods. ANNs can be used on various ma-
chine learning problems including classification, regression, prediction and function
approximation [S8]]. Improvements in the hardware capabilities and increase of avail-
able data allow ANNSs to be used on many areas with human level precision. Recently,
ANN:Ss are successfully applied to many real world learning problems including com-
puter vision, natural language processing, recommendation systems [S1]. Increased
application areas of ANNs created demand for ANNs on mobile environments such as
mobile phones and drones which have limited resources. There are some applications
of ANNs on mobile environments, such as flight control, path estimation [[13]], obsta-
cle avoidance and human recognition [32] for unmanned aerial vehicles and drones.
There are ongoing research on making ANNSs efficient so that they can be used on
systems with limited resources in addition to researches aiming to perform better
than state-of-the art techniques on systems designed to be used for computationally

intensive tasks.

The studies about making ANNs energy efficient are focusing on approximating mul-
tiplication operations and complex mathematical functions. A popular way of ap-
proximating multiplication operation is usage of low-precision floating-point num-
bers 84, [15] for the parameters of ANNs. The extreme case of low-precision is
binary parameters also received a lot of attention [16, [18], 20, (19, [70]. Approxima-

tions of complex mathematical functions are based on approximations with polyno-



mials and piece-wise linear functions [82, 46, 67, [14]. Approximations of complex
mathematical functions These studies showed that approximate calculations of ANN's

allows energy efficiency without sacrificing performance.

Recently, some energy efficient operator which avoids multiplication is proposed to
replace the classical operators such as inner product [83]. Ef-operator is proposed
in [83]] is a binary operator designed to be energy-efficient through avoidance of
floating-point multiplication. It is initially proposed in the context of signal process-
ing [83]] and afterwards, it is applied to various machine learning problems. Previous
work related to this operator shows interesting possibilities and usage areas including
artificial neural networks. However, most of these previous works focused on ap-
plicability of this operator to existing machine learning methods and evaluated these
methods through experiments. This thesis aims to reinforce results of previous stud-
ies with theoretical analysis and suggests a new training method for neural networks

based on ef-operator.

1.1 Main Contributions

The main contribution of this thesis is the inspection of applicability of the ef-operator
on artificial neural networks. We did this inpsection by defining ef-operator based
neural network, EFNN, and analyzing this new network. Analyze of this new network
includes inspection of the representation capabilities of this network, inspection of the
dependence between mappings computed by these networks and their parameters, and
inspection of the applicability of standard backpropagation algorithm for the training

EFNNG.

This thesis is not the first study which applies ef-operator to artificial neural net-
works. Previously, Akbas et al. [S] introduced multiplication-free neural networks in
which they replaced standard vector multiplication with ef-operator. Multiplication-
free neural networks failed to match the state-of-the art classification accuracies in
their experiments. Their experiments showed that classification accuracy can drop as

much as 10% with these networks. Recently, we [4]] proposed an improved version of



multiplication-free neural networks, called additive neural networks, with additional
parameters. Additive neural networks achieved near state-of-the art classification ac-
curacy on MNIST [52]] data set. The drop on classification accuracy was less than 2%.
Also, we showed that these networks are capable of approximating any Lebesgue in-

tegrable function arbitrarily well.

e This thesis proposes a simpler version of additive neural networks with removal
of extra parameters introduced by additive neural networks. This proposed net-
work is called EF-operator based Neural Network, EFNN. EFNN achieves sim-
ilar representation capabilities through carefully designed hidden layer struc-
tures. EFNNs employ different type of hidden layers in different levels, un-
like the multiplication-free neural networks which uses same layer structure
for each hidden layers. Representation capabilities of EFNNs are inspected
for identity and ReLU activation functions which can be implemented with-
out any complex mathematical operations. Furthermore, dependence between
mappings computed by the EFNNs and their parameters for constant set of in-

put vectors and activation function inspected.

e The applicability of standard backpropagation for the training EFNNs ana-
lyzed. This analysis showed that standard backpropagation may fail to train
EFNNs due to non-differentiable nature of ef-operator. A simple modification
over standard backpropagation which introduces a line search step, proposed to

overcome training problems.

1.2 Outline of the Thesis

A brief summary of artificial neural networks (ANN) is provided in Chapter 2. This
summary starts with explaining what is an ANN and when they are used. Then,
different types of ANNs are surveyed with a focus on efficient variants. Moreover,
representation capabilities of ANNs and training methodologies for ANNs are dis-

cussed.



Ef-operator is introduced in Chapter 3. Basic mathematical properties of ef-operator
are explained. Similarities and differences between this new operator and classic
vector multiplication are discussed. An ANN model based on ef-operator, EFNN
also introduced in Chapter 3. Representational capabilities of this model is inspected.
Finally, dependence between parameters of EFNNs’ and the mappings computed by
EFNNSs is inspected. This inspection constitutes a basis for the proposed training

algorithm at chapter 4.

A modified backpropagation algorithm with line search for the training EFNNSs is in-
troduced in Chapter 4. A brief discussion of why standard backpropagation algorithm
is not enough to train EFNNs are given. This discussion is followed by the explana-
tion of the proposed algorithm. Next, the convergence of the proposed algorithm is

discussed. Finally, the quality of solutions founded by the new algorithm is discussed.

An experimental analysis of proposed algorithm at Chapter 4, is given in Chapter
5. Proposed algorithm experimentally is compared with standard backpropagation
algorithm. Both algorithm are used for training various data sets with various hyper-
parameters. Comparison of training performances, as well as classifier performances

between two algorithms depending on hyper-parameters is given.

A brief overview of what is done by this thesis is given in Chapter 6. Possible future

directions for this work is also included in this chapter.



CHAPTER 2

BRIEF OVERVIEW OF ARTIFICIAL NEURAL NETWORKS

Since this thesis about representing a new energy efficient neural network, we devote
this chapter to a brief analysis of Artificial Neural Networks (ANN). In the following
sections a brief history of ANNs and their application areas will be summarized.
Then, artificial neuron and various network architectures will be studied. Efficient
neural network variants in addition to state-of-the-art architectures will be explained
and downsides of efficient variants will be discussed. Chapter will continue with the
discussion of representation capabilities of neural networks. Finally, chapter will be

concluded with overview of gradient based training methods for ANNSs.

2.1 A Brief History of Artificial Neural Networks

The history of artificial neurons can be traced back to the pioneering work of Mc-
Culloch and Pitts, in 1941 [57]. In this architecture the neurons are connected by
weighted and directed arcs, where each neuron outputs weighted sum of its inputs. A
threshold function is applied on these weighted sums to determine if a neuron fires
or not. Therefore, the output of each neuron is binary in this set-up. Weights of
these directed arcs between neurons are set by the researcher to implement a specific
functionality, unlike the modern neural networks. Hebb proposed first training algo-
rithm for artificial neural networks [36]. This algorithm was based on the assumption
that if two neurons fires simultaneously then the connection between these two neu-
rons should be stronger than that of not fire together. Frank Rosenblatt with the help
of several other scientists, including Block [10], Minsky and Papert [60] developed



the perceptron [72]]. Perceptrons are connected by weighted and directed arcs, and
produce an output using their weighted inputs, similar to neurons suggested by Mc-
Culloch and Pitts [S7]. Rosenblatt also suggested perceptron learning rule when he
suggested the perceptron. Perceptron rule adjusts weights between perceptrons itera-
tively to implement desired functionality. Although, perceptron rule is more powerful
than Hebb rule, it is applicable to single layer networks which caused a pause on the
development of ANNs until the emergence of backpropagation algorithm [29]. The
perceptron learning rule is failed to train multi-layered networks which A training
method for ANNs through propagation of error from output layer to hidden layers
is proposed by Werbos in 1974 [87], However, this algorithm did not receive much
attention until mid 80s when Parker [68] and LeCun [50] independently rediscovered
the algorithm. Although, ANNs received a renewed interest after backpropagation
algorithm, interest disappeared quickly after realization of ANNs do not scale well
to large problems; partly because of the hardware limitations [8]. ANNs received
attention after the appearance of deep belief networks, which uses an unsupervised
learning method to train weights in a greedy fashion to construct deep network with
initial weights coming from initial greedy training [38]. This new method allowed
training of deeper networks and made a breakthrough on ANN literature enabling
ANNS to achieve very high performance levels in some problems, such as OCR [12]
and face recognition [90]. Development of new hardwares allowed training of larger
networks than networks used on 80s and 90s, allowing more representational capac-
ity and increasing precision levels. Currently, ANNs running on GPUs in use for
greatly diverse set of problems with great success [8]]. These problems include object

recognition [49} 81]], speech recognition [59,37]], and language translation [45, [79].

2.2 Perceptron

A perceptron is a mathematical model which takes a real-valued input vector and
produce binary outputs of +1 and -1 according to linear combination of inputs being

greater than some threshold value or not. Formally, perceptron is a function p which



takes input vector & = [z1, z3, ..., T4,] and outputs

1 ifwlz+b>0,
p(x) = (2.1)
—1 otherwise,

where w = [wy, wa, ..., Wg,]| is weights of the perceptron determining individual

contribution of each input and b is bias of the perceptron determining a threshold

value for the activation of perceptron [61]. A graphical representation of perceptron

is given in Figure

‘/E’Vl
Figure 2.1: Visual representation of a perceptron which maps an input dy-dimensional

real input vector  to an output vector p(x) = wlx + b.

ANNSs based on perceptrons are created connecting the outputs of several perceptrons

to the input of other perceptrons.

2.3 Feed-forward Neural Networks

Feed-forward neural networks (FNN) are special kind of neural networks in which
neurons are partitioned into disjoint sets called layers. Layers are indexed from 1 to
[, and output of a neuron at layer ¢ can be connected only to neurons at layer ¢ + 1 as
input. Inputs are considered as layer 0. Each layer computes linear combinations of
outputs of previous layer’s and outputs these linear combinations after applying acti-

vation function. Formally, each layer is a function 1; which takes output of previous



layer 1;_; (; ) and outputs
L(z;0) = f(W, L _1(+;b)[i]), (2.2)

where x is dy-dimensional input vector, f is the activation function, 6 is the parame-
ters of network, W is weights of i layer, b; is biases of i™ layer, and lo(; 0) is the

input vector [29].

2.4 Energy Efficient Neural Network Variants

Neural networks are powerful tools, however, to a certain extent their power comes
with a high computational cost. They require computationally costly numeric calcu-
lations such as multiplication, present in the linear transformation of perceptrons, and
complex mathematical functions, necessary for the calculation of activation functions.
There are various approaches to make ANNSs efficient from different perspective. Two
of the most popular approaches are limiting weights to some special set so that com-
putation can be made more efficiently, and approximating multiplications and other

complex mathematical functions with computationally more efficient functions.

2.4.1 Neural Networks with Restricted Weights

One popular way of decreasing the computational cost of a ANN is to put some
restrictions on the weights. If the weights are limited to a special subset of floating-
points, then it is possible to compute them efficiently without using hardware imple-
mentation of general purpose multiplication instruction. These special subsets can be
powers of 2, low-precision floating-points or simple set of {—1, 0, 1}. One of the
first example of these kinds of networks is proposed by Marchesi et al. [S6]. They
showed that restriction of weights to subset of integers which are power of two or
sums of power of twos can be used on feed-forward forward networks with binary
outputs. The computational and energy efficiency of such weights on multiplication,
which can be computed with addition and shifting shown by White and Elmasry [88],
and Lim and Liu [54].



Usage of low precision floating-point numbers as weights, originates from the error-
resilience of ANNs to small noise[34]. Both theoretically and experimentally usabil-
ity of low precision floating-points can be used on ANNs. Holi and Hwang [41] gave
a theoretical analysis of effects of low precision floating-point numbers on usage of
neural networks. Hammerstrom [35] used 16-bit fixed floating-point computation for
computing and later Hohfeld and Fahlman [40] used 8-bit floating-point computation.
Recent studies using low precision arithmetic include the study done by Vanhoucke et
al. [84]] in which 8-bit approximations of high precision weights used on deployment,
study done by Chen et al. [[15] in which 32-bit fixed point floating-point arithmetic
used, and study done by Gupta et al. [34] in which 16-bit fixed point floating-point

arithmetic used.

Binary weights are extreme case of low precision arithmetic, where weights are
limited to set {—1, 1}. Binary weighted ANNs based on the work of Hwang and
Sung [43]], in which they showed restriction of weights to the set {—1, 0, 1} can be
used with minimal loss in the performance. The set {—1, 0, 1} requires 3-bit fixed
point floating-point arithmetic allowing these networks to achieve both energy and
memory efficiency. Their work is later applied on binary setting where weights can
be represented with single bit and any arithmetic operation can be carried with logical
instructions which are more energy efficient than usual arithmetic instructions [47].
Binary multi-layer neural networks are suggested by Cheng et al. [16] and followed
by bitwise neural networks [47], BinaryNet [[18], binarized neural networks [20], Bin-
naryConnect [[19]], and XNOR-Net [70]. All of these works attained near state-of-the
art performances in some problems, while saving large amount of energy using log-
ical instructions instead of multiplication and memory using single bit to represent

weights.

2.4.2 Approximate Computations

Approximate calculation of complex mathematical functions is another method to
efficiently compute ANNSs. Idea behind the usage of approximate computations is

resilience of neural networks to errors [[17]], similar to usage of low precision arith-



metic. Two popular approximation approaches are approximation of the activation
function and approximation of multiplication operation inside neurons. Studies using

both approaches summarized at below paragraph.

Sigmoidal activation functions such as sigmoid function and hyperbolic tangent func-
tion (tanh) requires computation of complex mathematical operations which are not
energy efficient. There are various approaches for approximating these functions
using piece-wise linear functions, polynomials and discrete cosine transformation
(DCT). Recent works include Torki et al. [82], Khodja et al. [46], Panicker and
Babu [67], Callejas-Molina et al. [14], Abdelsalam et al. [[1, 2]]. Torki et al. [82] pro-
posed a digital hardware implementation which computes sigmoidal activation func-
tion approximately with polynomials. Similar to Faiedh et al.[82]], Khodja et al. [46],
proposed a field-programmable gate array (FPGA) implementation, which computes
sigmoid function approximately with polynomials. Panicker and Babu [67] proposed
a FPGA implementation which computes sigmoid function approximately with piece-
wise linear functions. Callejas-Molina et al. [14], proposed a digital hardware im-
plementation which computes tanh approximately with piece-wise linear functions.
Abdelsalam et al. [1} 2] proposed a FPGA implementation, which computes tanh
approximately with DCT interpolation.

Approximation of multiplication operations based on the fact that artificial neurons
resilient to noise and approximation of multiplication operation is just another source
of error. A neuron is called resilient to error if the small changes on the input of
the neuron causes small changes on the output of the ANN [85]. Venkataramani et
al. [85]] proposed a method to determine neurons resilient to error based on gradients
computed during backpropagation. They approximate the multiplication operation
on these neurons through low precision multiplication and they also approximate ac-
tivation functions through piece linear functions. Zhang et al. [92] theoretically ana-
lyzed approximating error resilient neurons and proposed an iterative method based
on the ranking of neurons to determine neurons whose output does not affect the
performance of ANN significantly. They approximated multiplier circuits for en-

ergy efficiency. Du et al. [24] proposed an inexact computation of multiplication

10



through inexact logic units using inexact logic minimization approach proposed by
Lingamneni et al. [55]. Sarwar et al. [74] proposed approximation of multiplication
using alphabet set. Suggested multiplication method splits the weights into parts,
so that multiplication of corresponding parts can be computed using a look up table
and results can be combined using shift and addition operations. Mrazek el al. [62]
proposed approximation of multiplication on all neurons using the same approxima-
tion method. Their results show that large amount of power reduction can be gained
through approximating the multiplication operations with small loss on classification

accuracy.

2.5 Representation Capabilities of Artificial Neural Networks

A neural network can be considered as a mapping from an input space to an out-
put space. Although, there might be mappings between these spaces, which cannot
be represented by classical neural networks, Cybenko showed that depending on the
activation function, neural networks is capable of representing large variety of func-

tions.
An activation function o is called sigmoidal, if

:}1_{1010 o(z) =1,

(2.3)
lim o(z) =0.
T——00
The definition of sigmoidal functions does not impose strict restrictions on a function,
and consequently large variety of functions are classified as sigmoidal. Although,
some popular activation functions such as sigmoid and tanh are not sigmoidal by def-
inition, they can be converted to one with affine transformations. Cybenko proved
the following two theorems in his pioneering paper[21] about sigmoidal functions,

which shows the function approximation capabilities of neural networks when acti-

vation function is an affine transformation of a sigmoidal function.

11



Theorem 2.5.1. Let 0. be a continuous sigmoidal function. Then, finite sums of the

form

Go, = {Z aio(wl @+ b)|w; e R%, a;,b; € R, ne Z*} (2.4)
i=1

are dense in C(1y,) where C(I4,) is the metric space of continuous functions over

do-dimensional unit cube with supremum norm.

Theorem @ implies that, when there is no restriction on number of neurons, the
network can approximate any continuous function arbitrarily well, provided that the
activation function is an affine transformation of continuous sigmoidal function. This

theorem applies to activation functions such as sigmoid and tanh.

Theorem 2.5.2. Let 0, be a bounded, measurable sigmoidal function. Then finite
sums of the form

G,, = { Majo(w! x +b)lwi € R, a;,b e R, n e Z+} 2.5)
i=1
are dense in L'(1;,) where L'(1,,) is the metric space of Lebesgue integrable func-

tions over dy-dimensional unit cube with LI norm.

Theorem [2.5.2] is slightly weaker form of 2.5.1] which states that, when there is no
restriction on number of neurons, network can approximate any bounded, measurable
function arbitrarily well, provided that the activation function is an affine transforma-
tion of bounded, measurable sigmoidal function. This theorem applies to any contin-

uous sigmoidal function, as well as some non-continuous functions such as sign.

2.6 Training Methods for Artificial Neural Networks

Training an ANN means finding a “desirable” set of parameters, so that the error
between desired outputs and actual outputs of network with respect to an objective
function, L, is minimized. Until 1980s, multiple algorithms suggested for training

ANNs [36, (72, [89]]. However, none of them scaled to networks with more than two
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layers until the appearance of backpropagation algorithm [29]]. Currently, backprop-
agation algorithm with gradient descent optimization techniques are one of the most

popular training method for ANNs [73].

2.6.1 Back Propagation

Backpropagation algorithm is a training method for ANNs. It was designed to be
used on supervised learning problems, where desired outputs are available, which is
the label of each input in case of classification problem. Backpropagation algorithm
mainly consists of four stages, (i) computing outputs of network, (i1) computing error
between desired outputs and the outputs computed by the network with respect to
objective function, (iii) computing update values minimizing error, and (iv) updating

parameters with previously computed update values [29].

Formally, let X be set of input vectors and ) their corresponding desired output
vectors, L be objective function which will be minimized through training, M be
any optimization algorithm which returns update values for parameters given error,
o(x; 0) be the output of ANN with parameters 8 and 6, be initial set of parameters.

Backpropagation method is proved in algorithm [2.T| using these notations.

Algorithm 2.1 Backpropagation algorithm
procedure BACKPROP(X, )V, ug)

t<—0

while not converged do
t—t+1
Compute outputs with forward pass, O; — o(X; u;_1)
Compute error between desired output and actual output, L; < L(O;, V)
Compute update values, Au;_1 «— M (L, us_)
Update parameters, U; «— u;_1 + Auy_
end while
return u,

end procedure

13



2.6.2 Gradient Descent Optimization Methods

In order to update the objective functions L at each iteration a popular method, called
gradient descent, is used. These methods can be easily generalized to multi-layer
architectures from single layer using chain rule [58]]. Gradient descent method itera-
tively minimizes the objective function L with respect to its parameters 6 by updating
parameters in the opposite direction of the gradient of objective function Vg L(6),
where the change is maximal. Magnitude of each update determined by a hyper-

parameter called learning rate [73]].

There are many variants of gradient descent method on use. These include variants
of plain steepest descend method, which differ by how much input data used to com-
pute update values. Stochastic gradient descent method (SGD) is one of the popular
variants of plain steepest descent method. There are also more sophisticated variants
of gradient descent method, which decide update direction using not only the cur-
rent gradient, but using previous update values as well. Adaptive moment estimation
(ADAM) is one of these more sophisticated variants which is commonly used in prac-
tice. Stochastic gradient descent (SGD) and adaptive moment estimation (ADAM)

methods will be explained in this section.

2.6.2.1 Stochastic Gradient Descent

Gradient descent method employs equation (2.6) as update rule.

0,1 =0,— MvetL(0)7 (2.6)

where 0, is the current parameters, L is the objective function to minimize, y is learn-
ing rate and 6, ; is the updated parameters. Computation of L from inputs and desired
outputs will be discussed momentarily. This update rule moves at the direction, where
change on L is maximal [[76]. Although, there are algorithms with better convergence

rates, this algorithm still receives interest due to its simplicity.

There are variations of gradient descent algorithm depending on how much of input
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data is used on computation of L in a single update. Stochastic gradient descent ver-
sion computes L using a single input vector at each update, in other words at each
update stochastic gradient descent optimizes L with respect to the error between net-
work’s output on single sample and desired output of that sample. On the other hand,
batch gradient descent method computes L with respect to error between network’s
output on all samples and desired output of those samples. There is also mini-batch
gradient descent method which computes L using a small subset of training samples
at each update. Both stochastic gradient descent and batch gradient descent are spe-
cial cases of mini-batch gradient descent algorithm with batch sizes 1 and N, where
N is number of training samples. Usually, the term SGD is used when mini-batch

gradient descent method used on the literature [73]].

2.6.2.2 Adaptive Moment Estimation

Stochastic gradient descent method relies solely on the current gradient and uses fixed
learning rate. However, several studies showed that using past gradients in conjunc-
tion with current gradient can improve convergence rate [80, 69]. There are also
methods, which changes learning rate to accelerate learning such as AdaGrad [25],
AdaDelta [91]. Both of these methods increase the stability of gradient descent and
improve the convergence rate. Adaptive moment estimation (ADAM) is a popular
optimization method which uses both past gradients to compute update direction and
dynamically adjusts the learning rate. ADAM method relies on both exponentially de-
caying average past gradients, m;, and exponentially decaying average past squared
gradients, v;. These terms calculated according to equations and (2.8), as fol-

lows;

m; =fim;_1 + (1 — f1)g, 2.7)
vi =fagi1 + (1 — Ba)gy, (2.8)

where 3, and 3, are exponential decay rates, and g; is

Vo, L(6:), (2.9)
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which is gradient of objective function with respect to current parameters. m; and v;
are initialized with O vectors. Afterwards, ADAM method computes bias-corrected

estimates from these values using equations (2.10) and (2.TT].

m;y

N, = 2.10

« Vi
= . 2.11
Vi 1_ 55 ( )
(2.12)

Update rule for ADAM method can be formulated using bias-corrected values as in
equation (2.13).

01 =6, — (2.13)

where 1 is learning rate, ¢ is a scalar, 6, is current parameters and 6, is updated
parameters. The authors of ADAM method suggested 0.9 for /3, as default value,
0.999 as default value for 35 and 10~® as default value for . They also showed
experimentally that ADAM method works well in practice and produce comparable

results with other adaptive learning algorithms [48, [73]].

2.6.3 Initialization of Neural Networks and Training

There are various parameters, which needs to be selected before training an ANN and
there also various parameters which needs to be selected to employ an optimization
method. Important issues regarding the design on an ANN architecture are the acti-
vation function, defining number of hidden layers and the number of neurons at each

layer. Also, selection of initial parameters is an important problem.

There are well-known algorithms which are guaranteed to successfully train ANNs
with single hidden layer [66]. However, training an ANN with at least two hidden
layers through backpropagation algorithm is NP-complete problem regardless of se-

lected optimization method [11]. Unfortunately, most of the above problems do not
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have formal solutions, instead there are some heuristics, which work in a wide range

of practical problems.

2.6.3.1 Selection of Topology

The number of neurons used at hidden layers, as well as how they are distributed
into hidden layers directly affects the representation capacity of an ANN. There are
theorems, such as universal approximation theorem suggesting ANNs can approxi-
mate the desired function arbitrarily well, given a sufficient number of neurons used
in hidden layers and appropriate activation function used. However, increasing the
number of neurons in a layer increases both complexity of computing layer’s out-
put and training process of the ANN [38]. There are various studies showing that
the same approximation capabilities can be achieved using deeper networks instead
of shallow but large networks [44) 26]]. Current trend is toward ANNs with several
layers each of which containing small number of neurons. These architectures allow
networks to have sufficient capacity to represent most function with relatively small
number of parameters. Usually, one employs several topologies to solve a problem

and selects the “best” performing topology among these topologies, empirically.

2.6.3.2 Selection of Activation Function

The activation function directly affects the representation capacity of ANNs similar to
choice of network topology. For example, if a linear activation function is used, then
ANNSs can only represent linear functions. Although, choice of activation function
restricts the representation capacity of ANNSs, large class of activation functions can
be effectively used on practice. One such class is the continuous sigmoidal functions,
as shown by universal approximation theorem [21]. Activation function also affects
the training procedure. If a non-differentiable function is used as the activation func-
tion, then the optimization method which requires the gradients can only be applied
by an approximation of gradient. Otherwise, they cannot be used on training these

ANN:Ss. Similar to selection of topology, one employs several activation functions and
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selects the one performing “best” among these functions, empirically. However, one
important point on selection of activation functions is, the properties of the activation
function such as continuity, differentiability, are shared with the functions computed

by neural networks at the end.

2.6.3.3 Selection of Initial Parameters

ANNS usually initialized with randomly chosen small initial parameter, typically from
normal distribution. There are some theoretical inspection on initialization of param-
eters according to the activation function instead of sampling from a random distri-
bution. Glorot et al. [33] suggests that weights, W, of a layer can be initialized with

random numbers sampled from the following normal distribution;

N(o, L) (2.14)

Nin + Nout
where n;, number of neurons in the previous layer, n,,; number of neurons in the

current layer, and N represents the normal distribution.

2.6.3.4 Selection of Objective Functions

The selection of objective function depends on the type of the problem. Some prob-
lems require exact outputs, such as function approximation problems and prediction
problems, while other problems can use inexact outputs as long as order of outputs
are preserved, such as probability estimation for individual classes for classification
problem. Two popular objective functions are mean square error (MSE) and cross-

entropy loss. Mean square error is defined between two set of vectors as follows,

LN
~ > lloi = will, . (2.15)
N =1

where o; is actual output vectors and y; is desired output vectors fori = 1, 2, ..., N.

Cross-entropy loss is defined between two set of vectors as follows,

1 N C
szy@jlog(oz‘,j), (2.16)

i=1j=1
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where 0; and y; are C-dimensional vectors for each 7 [65]. Both vectors assumed
to be a probability distribution or equivalently each entry on vectors should be non-
negative and sum of entries should be 1. An arbitrary vector can be converted into a
probability distribution using softmax function. Outputs of softmax function can be

calculated as follows,

_exp(oi) 2.17)

M

exp(0;)

<
Il
_

for i entry of o.

2.7 Summary

This chapter presents a brief overview of ANNSs. A brief history of ANNs presented at
Section with focus on development of artificial neurons and training methodolo-
gies. Artificial neurons and feed-forward neural networks are discussed at the same
section. Then, Section 2.4 summarizes the energy efficient techniques used on neural
networks. The representational power of neural networks and universal approxima-
tion theorem for feed-forward neural networks with sigmoidal activation functions,
is discussed in Section [2.5] Finally, training methodologies for ANNs with focus on
back propagation algorithm and optimization methods for weight updates specifically

SGD and ADAM, is summarized in Section[2.6]
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CHAPTER 3

EF-OPERATOR AND NOVEL NEURAL NETWORK ARCHITECTURE
BASED ON EF-OPERATOR

The major motivation of this thesis is to develop an efficient neural network, which
can be used by the limited-resource computing environments. We approach this
problem by designing a new type of neuron based on an additive operator, called
ef-operator, suggested by Cetin et al. [83]. This chapter studies the ef-operator, a
binary vector operator which can be computed without multiplication. It is initially
designed to be used on machine learning algorithms at the computing environments
with limited energy, such as mobile devices, instead of vector product to save energy.
Focus of this chapter is how ef-operator can be used on neural networks and how
they behave with respect to the parameters of neural networks. We will start with
the definition of ef-operator. Then, we analyze its properties including brief com-
parison with vector product. Next, a feed-forward neural network architecture based
on ef-operator is introduced. Afterwards, we study the representation capabilities of
ef-operator based feed-forward neural network architecture. Finally, we analyze this
feed-forward neural network architecture. The analysis is conducted with respect to
the network parameters and how these parameters are affected by the introduction of

ef-neurons.

3.1 EF-operator

EF-operator is designed to be computable without any multiplication operation. It

is first introduced in 2009 [83]] to gain energy efficiency in image processing algo-
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rithms. Afterwards, it is used on several other image processing tasks, such as object
tracking for infrared videos [22]], classification of biomedical images [78] for energy
efficiency. It is also used in signal processing tasks to approximate cosine similarity
in an energy efficient way [6]]. Recently, we applied ef-operator to artificial neural
network methods for possible improvements of energy efficiency in artificial neural

networks [3], [4].

Definition 3.1.1. Ef-operator, ¢, between two vectors is defined as follow,

d

xoy = Y sign(xyi) (x| + i), 3.1
i=1

where x and 'y are two d-dimensional real vectors.

Ef-operator can be written in terms of regular vector multiplications. Although, us-
ing regular vector multiplication to represent ef-operator contradict with the main
motivation behind the proposition of this operator, usage of well-understood regular
vector multiplication makes manipulation of ef-operator easier, for the development

of artificial neural network algorithms.

Proposition 3.1.2. Ef-operator can be computed using vector multiplication as fol-
lows,

xoy = sign(x)"y + x"sign(y), (3.2)

where x and y are two d-dimensional real vectors, and sign is element-wise sign

function.

Proof. The equation (3.2)) is a natural outcome of two well-known properties of sign

function. Let x and y be two real numbers, then,

1. sign function is multiplicative, i.e
sign(zy) = sign(x)sign(y). (3.3)
2. A real number can be written in terms of its sign and its magnitude, i.e

x = sign(x)|z|. (3.4)
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Individual sums on the equation (3.1)),

sign(xiyi) ([xi| + [yi]) (3.5)
becomes
sign(x;)sign(y:)[xi| + sign(x;)sign(y)|yl, (3.6)
by equation (3.3)), which is equivalent to
sign(ys)x; + sign(x;)ys, (3.7)

by equation (3.4)), forall i = 1, 2, ..., d. Hence equation (3.1)) becomes,

d

X0y = Z sign(x;)y; + x;sign(y;), (3.8)
i=1
which is equivalent to
xoy = sign(x)"y + x"sign(y), (3.9)
as proposed. [

One important consequence of Proposition [3.1.2] is that, ef operator can be easily

generalized to matrix-vector form, as follows.

Definition 3.1.3. Ef-operator, ¢, between a matrix and a vector defined as follow,
X oy :=sign(X)"y + XTsign(y), (3.10)

where X is a d' x d-dimensional real matrix and y is a d-dimensional real vector.

In order to gain some visual insight on ef-operator, we plot the ef-operator applied on

two scalars in figure 3.1}

3.1.1 Partial Derivatives of EF-operator

Most of the training methods for ANNSs uses partial derivatives of some cost func-

tion with respect to their parameters. In order to employ ef-operator to define a new
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10 —10

Figure 3.1: Behavior of EF-operator between two 1-D vectors in the interval [-10, 10]

as 3-D graph.

ANNSs, the partial derivatives are necessary to train these ANNs using well-known
algorithms for standard ANNs. One crucial problem about ef-operator is that it is not
continuous due to sign function and consequently does not have proper partial deriva-
tives. However, partial derivatives of ef-operator are undefined only at 0 and this is a
removable discontinuity. Hence, it can be approximated during numeric calculations

using the approach below.

Partial derivatives of ef-operator can be defined as follows;

d — d : T T .«
1 X0V =y (sign(x)y + xTsign(y)
d
= (sign(xi)y:) + sign(y) (3.11)
X
~sign(yi),
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foralle =1,2, ..., das

d d
lim —si =0= lim —si . 3.12
Jig, ostn() = 0=l osign(s) 312
Similarly,
d
d—yj(xoy) ~ sign(x;) (3.13)

forall: =1, 2, ..., d.

3.1.2 Multiplication-free Implementation of EF-operator

One of the main idea behind the ef-operator is to compute a transformation without
using multiplications. Proposition [3.1.2] gives us a way to compute it effectively with
existing matrix multiplications. On the other hand, original definition[3.1.T|can be im-
plemented without multiplication. Pseudo-code for this naive implementation which
does not make any assumption on the representation of numbers, is given in Algo-
rithm 3.1 A more efficient version for single precision floating numbers represented

with IEEE 754 floating-point standard given in Algorithm[3.2]

Implementation of ef-operator without multiplication requires more instruction com-
pared to hardware which supplies floating-point multiplication instruction due to
calculation of conditionals and extra addition instruction. However, avoidance of
floating-point multiplication might improve energy consumption, since floating-point
multiplication consumes relatively more energy than floating-point addition in most
processors [28]], [9)]. The improvement in energy consumption is useful especially in
mobile computing environments, where energy is a limited resource. The improve-
ment in energy consumption depends on the hardware, as the difference between
energy consumption of floating-point addition instruction and floating-point multipli-
cation instruction varies between different hardwares [9]]. If the difference between
energy consumptions of these two instructions is large enough to compensate the ad-

ditional instructions, then usage of ef-operator improves the energy consumption.
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Algorithm 3.1 Naive multiplication-free computation of ef-operator between two d-

dimensional vectors
1: procedure EF(x, y, d)

2: out <— 0

3: fori = 1,2,...,ddo

4: if x;, = 0ory; = 0 then
5: continue;

6: end if

7: if x; > 0O then

8: out < out +y;
9: else

10: out < out —y;
11: end if

12: if y; > 0 then

13: out < out + x;
14: else

15: out <— out — x;
16: end if

17: end for

18: return out

19: end procedure

Theoretically, expected energy consumption of Algorithm [3.2| based implementation
and theoretical expected energy consumption of classic vector multiplication can be
computed as follows: We assume that the expected energy consumptions of floating-
point multiplication is Py,,, floating-point addition is F,, binary and is P, binary
or is P, binary xor is P, and branching is P, the energy consumption of lines 4-6
in Algorithm [3.2]is P.. We, also assume that probability of an entry being non-zero
in the x vector is p, and probability of an entry being non-zero in the y is p,. We
exclude the extra power consumption caused by the for loop as it is shared by both

implementation. The expected power consumption of classic vector multiplication is

d(Pm + Pra), (3.14)
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Algorithm 3.2 Multiplication-free computation of ef-operator between two d-

dimensional vectors for single precision floating-point numbers
1: procedure EF(x, y, d)

2: out < 0

3: for: =1,2,...,ddo

4: if x; = 0 or y; = 0 then

5: continue;

6: end if

7: s «— (x;&0x80000000) & (y;&0x80000000)

8: out — out + s|((x;&OxTEfLLE) + (y;&OxTLLLLTLL))
9: end for

10: return out

11: end procedure

as d many floating-point multiplications required between d entries and d many floating-
point additions are required to combine these multiplications. The expected power

consumption of ef-operator is
d(P. + popy(Pow + 4Psa + Py + 2P4,)), (3.15)

as lines 7 and 8 executed only if both x; and y; are non-zero which happens with prob-
ability p,p,. Hence, ef-operator improves energy consumption for hardwares where
equation is less than (3.14). More efficient implementations of ef-operator can
be suggested to save energy. Usually, one of the vectors is a weight vector. Con-
sequently, usage of sparse weights can improve energy consumption of ef-operator

further.

3.1.3 Properties of EF-operator

In order to gain insights about the power and weaknesses of ef-operator, one needs to
study various properties, such as commutativity and distributivity. It is also worth to
compare ef-operator with regular vector multiplication and inner product operators.

These comparisons will enable us to replace regular vector multiplication and inner
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products by ef-operators, when we define a neuron. Let us start by remarking that
while vector multiplication is an inner product [39], the ef-operator fails to satisfy
the inner product properties. In other words, ef-operator does not satisfy the first two

requirements of the inner product which are,

(x+y)oz=x0zZ+Yyoz, (3.16)

(cx) oy =c(x0y), (3.17)

for any x, y, z € R? and for any ¢ € R. Let us, consider the simple case d = 1.

Equation (3.16) implies that

sign(x +y)z = sign(x)z + sign(y)z, (3.18)

which can hold if either z = 0 or x = —y is satisfied. Similarly, equation (3.17/))
implies that

csign(x)y = sign(cx)y, (3.19)

which can hold if either ¢ = 0 or |c| = 1 is satisfied. However, ef operator satisfies

similar identity,

(ex) o (cy) =c(xoy). (3.20)

On the other hand, last two requirements are satisfied,

Xoy =y © X, (3.21)
xox >0if x # 0, (3.22)

where - is complex conjugate. Equation (3.21) is equivalent to ef operator being

commutative as both x and y are real vectors and equation (3.22) is equivalent to

xox = 2|x[|; > 0if x # 0. (3.23)

3.2 EF Neuron and EF Neural Networks

This thesis proposes a feed-forward neural network based on ef-operator, called ef-

operator based neural network (EFNN). Proposed architecture is similar to previously
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suggested versions in [5] and [4]. Network suggested on [S]] simply replaces matrix-
vector multiplication at each layer of classic feed-forward neural network with ef-

operator. Hence, each hidden layer computes the equation (3.24)),
F(Woh+b), (3.24)

instead of the equation (3.25) which is computed by standard feed forward neural
networks,

f(W"'h +b), (3.25)

where W is weights of the layer, b is the bias of the layer, f represents the activation
function and h is the output of previous layer if the hidden layer is not the first one,
otherwise h is just the input vector. In this study, the function classes which are

representable by the networks is not investigated.

Artificial neural networks suggested in [4], called additive neural networks, employ
the same structure for each hidden layer like the network suggested on [35]. These
network introduce a new parameter for each hidden layer and replace the output layer
with a linear layer. Hidden layers of these networks compute equation (3.26) as fol-
lows;

f(a® (Woh)+Db), (3.26)

where a is a scaling coefficient and © is element-wise multiplication. These networks
can approximate any Lebesgue integrable function arbitrarily well, given enough neu-
rons if specific activation functions are used. [4] shows this property in case of identity

and rectified linear unit (ReLU).

EFNN is a simplified version of the additive neural networks which was improvement
over [5]] with provable representation capabilities. This new artificial neural network
architecture eliminates the necessity of matrix multiplications at all layers except for
the first hidden layer and the output layer. Consequently, number of multiplication
operation required to compute EFNNs does not depend on the number of hidden
layers while number of multiplication operation required to compute additive neural
networks depends on the number of hidden layers. Furthermore, EFNNs preserves

representation capacities of additive neural networks. Loosely speaking, EFNNs em-
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ploy linear layer as the first hidden layer and output layer, and other hidden layers
computes equation (3.24).

Definition 3.2.1. An [-layered EFNN with layer sizes dy, dy, ..., d; is an ANN whose
layers computes h; which will be recursively defined at the equation

F(WE i +by) ifi =1,
hi(x, u, f) := { f(Wy,;ohi_1(z, u, f) +by,) ifi<l, (3.27)
Waihi,l(w, u, f) + by ifi =1,

where © € R is the input vector, f represents the activation function and u is the

parameters defined as

u:= (Wll,l? bu,l; SR Wu,la by l) eR, (3.28)

)

where 'R is parameter space defined as

>l< (]Rdi‘l X Rdi), (3.29)

i=1

where X is cartesian-product.

A visual representation of this architecture can be seen at figure [3.2]

The main idea behind ef-operator is to avoid multiplications as much as possible. Us-
age of any activation function requiring complex mathematical functions defeats this
purpose. Consequently, focus will be on activation functions which does not require
multiplication or any other complex mathematical functions throughout this thesis.
Specifically, rectified linear unit, ReLU, and identity function, I, will be considered

most of the time.

What does an EFNN represent is a crucial question which needs to be answered. We
will discuss the properties of EFNN formally in the next section. In this section, we
suffice to provide, Figure[3.3]a visualization of the functions computable with EFNNs
over 2-dimensional input vectors. In order to display figures with uniform coloring,

output of each network is scaled to [—1, 1] range with a simple linear transformation.
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Layer Labels Architecture Neuron outputs
Output layer o) = Wz;l 01 + by
Hidden layer 1-1 01 =f(Wy,1—1001—2+ by, 1-1)

Hidden layer 2

Hidden layer 1

Input layer

Figure 3.2: Visual representation ef-operator based neural networks (EFNN). Note
that, input and output layers perform standard vector multiplication, whereas hidden

layers perform ef-operator.

These networks are randomly generated and they are not trained for approximating
any functions. Although, one can produce much more complex outputs with training,
these networks are selected to visualize sample functions which are computable by
EFNNs. A simple observation from these graphs is that when the number of neurons
in hidden layers is increased, the mappings become increasingly non-linear even if
very simple identity function is used as the activation function. However, this inherent
non-linearity of ef-operator comes with a price. Any non-linear function computed
by EFNNs are non-differentiable. Non-differentiable nature of computing functions

may restrict the usage areas of EFNNs when contiunity or differentiability is required.

3.3 Representation Capabilities of EF Neural Networks

In this section, we analyze the representation capabilities of EFNNs with respect to
the activation function, which is restricted to identity and ReLU. This section starts
with necessary definitions required for the analysis. Then, we prove the major theo-
rem of this thesis which show that EFNNs are capable of computing functions which

are dense in Lebesgue integrable function space, when activation function is identity.
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Figure 3.3: 2-D mappings computed by randomly generated EFNNs using activation
functions identity and ReLLU with different network topologies. Topologies given in

left column shows the number of neurons used on each layer, including input neurons.
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Theorem 3.3.1. EFNNs can approximate any bounded measurable function arbitrar-

ily well, given enough neurons if activation function is either identity or ReLU.

Lastly, we investigate the representation power of EFNNs when activation function
is ReLLU. This theorem will be proven with the help of the propositions, given below.

Identity and ReLLU activation functions will be handled separately.

Definition 3.3.2. Consider an EFNN mapping dy-dimensional input vectors to I-
dimensional values. Let Gy be the set of functions computed by this EFNN with iden-
tity activation function and Gg be the set of functions computed by this EFNN with

RelL.U activation function.

Proposition 3.3.3. G; is dense in L'(1,,), metric space of Lebesgue integrable func-

tions with LI norm over dy-dimensional unit cube.

This proposition will be proved using Theorem [2.5.2) which shows that G, is dense
in L'(()I,,) for any bounded, measurable sigmoidal function, o. Firstly, a set of
functions satsifying Theorem [2.5.2| will be defined. Afterwards, it will be shown that

this set is a subset of G;.

Let ¢’ be a function of the following form,

) 1
o'(z) = % (3.30)

and G, be the set of functions of the following form,
go.l = {ZO@OJ(WZTw + b,)|WZ € Rdo, Oéi,bl‘ € R, ne Z+} (331)

i=1

Lemma 3.34. G,, given in equation (3.31)), is dense in L' (1;,).

Proof. If ¢’ is a sigmoidal function, then by Theorem G, is dense in L'(Iy,).

' 1 —141
o' (z) = S’g”(;”) o ; — 0vx < 0, (3.32)
and
' 1 4141
LGOS VAN (3.33)

2 2
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Equations (3.32)) and (3.33) implies that

lim o'(z) =1,
e (3.34)

lim o'(x) =0.
Tr——00

Equation (3.34)) implies that ¢’ is a sigmoidal function and consequently G, is dense

in L'(I,,).

Proof of Proposition[3.33} If G, is subset of Gy, then G, is dense in L'(I,,) as one of
its subset is dense in L!(1;,) by claimm Hence, this proof will focus on showing
that G, is a subset of Gy.

An arbitrary member of G, is of the form,

g(x) = Z o’ (Wl +b) =D+ Z o sign(wi x + b;), (3.35)

i=1 i=1

where x is dy-dimensional vector. G, is a subset of G; if g(x) € G; or equivalently,
there exists an EFNN with identity activation function such that its output is g(x).
Constructing such a network and verifying its output is g(x) is enough to show that

go’ - g]-

Although EFNNs can be constructed in multiple hidden layers without any restric-
tions on the number of hidden layers besides the burden of computational complex-
ity, constructing an EFNN with 4 layers suffice to prove our proposition. One such
network, N, consists of 4 layers each having n, 2n, n 1 many neurons, respectively.

Let u be the parameters of NV, then u can be computed from ¢ as follows,
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Wui1=|W1 W2 ... Wn]d , (3.36)
- oX"n
by,1 =|bl b2 ... bn] L (3.37)
Wuo=le, e ... e, 2e; 2e, ... 2e, . (3.38)
by, 2 =021, (3.39)
Wu,S =l€enr1 — €1 €py2 — €2 ... €9, — €, ) s (340)
by,s =041, (3.41)
- T
Waa=|a, a) ... a;] - (3.42)
bus=|b| (3.43)
L J1x1

where e, is the i™ standard basis element for each i.

This construction is based on a crucial observation, that is the sign function can be
computed using combination of neurons with EF-operators. In fact, only three neu-
rons in two layers are enough to compute sign function, where one of them combines
the output of the other two. This structure can be seen in figure [3.4] which will be

called sign computing unit (SCU).

A
N

Figure 3.4: Visual representation of a sign computing unit.

T
W2 = [4 1] , b2 = [0]
1x2 1x1
T

m@  WU=|1 2| . b1'=|o0 o

1x2 1x2

Let the weight of the first layer of sign computing unit be W1’, the bias of the first
layer of SCU be b1’ and the output of the first layer of SCU be 7, (z). Let the weight
of the second layer of SCU be W2, the bias of the second layer of SCU be b2’ and
the output of the second layer of SCU be n, (). If these weights and biases selected

according to equation (3.44),
T
wi=[1 2] . wi=loo
2 (3.44)
wy=[-1 1] L ow=o]
1x2 1x1
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then outputs of these neurons becomes,
ni(z) =Wj o [x] + b}

sign(x) + x
2sign(x) + x

ny(x) =Wj o my(x) + b,
= — sign(z + sign(z)) + sign(z + 2sign(z))
— (x + sign(x)) + (x + 2sign(x))
= — sign(x) + sign(x) + sign(z)
=sign(z),
usign the fact that
sign(z) = sign(sign(z)),

and consequently

sign(x) = sign(x + sign(x)) = sign(z + 2sign(zx)).

The first layer of N computes

wlix + b

wlIx + by

hl(X7 u, I) =

| WX+ by

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

The second and third layer contains n SCU in parallel. These SCUs are composed

of ™ neuron of the third layer with the i and (n + 7)™ neurons of the second layer

constructs for each i = 1, 2, ... n. The SCU whose output is i neuron of the third

layer, takes the output of i" neuron of the first layer as input. Therefore, the third

layer of A/ computes

_sign(WlTa: +bl) |

sign(W2T'x + b2
hS(wa u, [) = I ( . )

| sign(Wn"x + bn)
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The fourth layer of N computes

hy(z, u, I) =b+ ) afsign(Wi'z + bi), (3.51)

i=1
which is exactly g(x). Hence G, is a subset of G; and consequently G; is dense

LY(I,,). 0

Remark. The proof of Proposition is based on the construction of 4 layered
EFNNSs. Deeper networks can also be used instead of the 4 layer network. If number
of layers is even, then extension can be done using sign computing units. If number
of layers is odd, then we need an additional observation. This observation is for

sufficiently small € > 0, (eI ¢ x is an approximation of x as,

X1 + sign(xy)e

Xg + sign(xa)e

(el)ox = (3.52)

12
»

| x4 + sign(xq)e el

, where I is identity matrix. Hence, networks whose number of layers are odd, can
be constructed using networks having even number of layers and approximation of
sign(x) usign above observation. However, this construction is not applicable to 3
layered EFNNs and we do not know their representation capacities. A final remak is
that the proof uses explicit construction, which may lead readers to think that training
is not necessary for EFNNs using this explicit construction. However, the construc-
tion relies on parameters of already trained standard ANN and consequently cannot

be constructed without training.
Proposition 3.3.5. G; is a subset of Gg.
Lemma 3.3.6. If
X = , (3.53)

and

y = , (3.54)
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then

x Ace+Cof (3.55)
oy = .
Boe+Dof

where A, B, C, D are matrices of size a x ¢, a x d, b x d, b x d, respectively and e

and v are vectors of size c and d, respectively.

Proof. Recall that,
X oy = sign(X)"y + X sign(y) (3.56)

by equation (3.10). This equation is equivalent to

sign(A)"e + sign(C)"f + A”sign(e) + C”sign(f)
Xoy = . . (3.57)
sign(B)" e + sign(D)" f + B”sign(e) + D”sign(f)

by equations ((3.53) and (3.54). Finally, equation (3.57)) becomes

Aoce+Cof
Xoy = (3.58)

Boe+Dof

by the following equivalences;

A o e =sign(A) e + ATsign(e), (3.59)
B o e =sign(B) e + BTsign(e), (3.60)
C o f =sign(C)"f + CTsign(f), (3.61)
D o f =sign(D)"f + D sign(f). (3.62)

]

Lemma 3.3.7. The ef-operator between two vectors can be defined in therms of ef-

operator between the vector and ReLU function of the other vector;
x oy =x0ReLU(y) + (—x) o ReLU(—y) (3.63)
forany x, y € R%

Proof. The ef-operator can be written in the following form,

d
XOy =ZXZ~<>yZ~. (3.64)

i=1
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This lemma can be proved by showing that
X; ¢ y; = X; © ReLU(y;) + (—x;) © ReLU(—y;), (3.65)

for each i = 1, 2, ..., n, using the equation (3.64)) with the help of following two

observations,

Observation 1:
x; ¢ 0 =sign(x;)0 + x;519n(0)

(3.66)
=0.
Observation 2:
(=) o (=yi) =sign(—x:)(=ys) + (=) sign(=y:)
=sign(x;)y: + xisign(—y;) (3.67)
=X; ¢ Vi-
If y; < 0, then the equation (3.65)) becomes
X; © 0+ (_Xz) <& (_YZ) =X; 0Y;. (368)
Otherwise, the equation becomes
X oy + (—x;) 00 = x; 0;. (3.69)
Hence, equation (3.63) holds. O

Proof of Proposition[3.3.5] The set of functions computed by EFNNs with identity
activation function, Gy, is a subset of the set of functions computed by EFNNs with
ReLU activation function, G, if for any network, NV, with identity activation function
whose output is g, there exists a network, A/, with ReLU activation function whose

output is also g.

Let the number of hidden layers of N is [ and number of neurons at i layer is d; for

i=1,2,...,1, then N can be constructed with [ hidden layers, each containing d,’
neurons forz = 1, 2, ..., [, where
di = (3.70)
d; ifi=1
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Let input dimension be dj, u’ be the parameters of A/ and u be the parameters of N.

u’ can be computed from u at the first and last layers, as follows,

W1 = [Wu LW, 1] , 3.71)
’ ’ d0><d1/
bu’,l = [bu 1 —bu 1] s (372)
? ’ d1/><1
Wu l
Wy, = 7 ; (3.73)
AL dy—1"xdy’
bu.; =buy,i, (3.74)
for the hidden layers,2 =2, ..., [ — 1
Wu 7 _Wu )
Wi = : ’ , (3.75)
_Wu,z‘ Wu,i
di—1"xd;’
bu’,i = [bu i —bu i . (376)
’ ’ di/Xl

This construction is done, so that

" , ReLU(h;(x, u, 1))
i(x, u’, ReLU) = , (3.77)
ReLU(—h;(zx, u, I))

di’xl
fortr =1,2,...,l—1and
h;(z, u', ReLU) = hy(z, u, I) = g(x), (3.78)
where ReLU is rectified linear unit and / is identity function. Equations (3.77)
and can be verified as follow,
The output of the first layer is
hy(x, u’, ReLU) =ReLU(W, = + by 1)
ReLU(Wa 1+ by 1)
ReLU(—W{ ;& — by 1) (3.79)
ReLU(h,(x, u, 1))
ReLU(—h;(x, u, I))
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Hidden layers except the last one requires the calculation of
Wu’,i < hi_l(w, u/, IQEEI_JU)7 (380)
which is equivalent to

Wu i —Wu iy ReLU(hi,l(:L’, u, [))
' e , (3.81)
_Wu,i Wu,i ReLU(—hi_l(a:, u, I))

assuming

, ReLU(hi_l(w, u, [))
h;, i(x, u’, ReLU) = , (3.82)
ReLU(—h; {(x, u, I))
fori =2, ..., — 1. Considering the Lemma3.3.6] equation (3.81)) becomes
W,,ioReLU(h;—;) + (=W, ;) o ReLU(—h;_;) (3.83)
(~Wa.:) oReLU(h;_1) + Wy ; o ReLU(=h;_y) | '

where for the sake of simplicity we use h;,_; = h;_;(«, u, I). This equation becomes

sign(Wy ;) h;_; + W ;sign(h;_;)

. , (3.84)
—Sign(WuJ‘) hi—l — WaiSign(hi—l>
or equivalently, using Lemma
Wu i < hi_l(il}, u, ])
’ (3.85)

~Wyio hz‘—l(wa u, ])
Therefore,

h,(z, v/, ReLU) =ReLU(W ; o h;_;(x, u’, ReLU) + by ;)

Wuz‘<>hz'—1(il3, u, —7) by,
=ReLU ' + ’
~Wy,i© hifl(wa u, [) —by,; (3.86)

ReLU(h;(x, u, 1))
ReLU(—h;(x, u, I))

Finally, the output of the last layer is
hy(z, u', ReLU) =W, h;_i(z, u’, ReLU) + by
=W ReLU(—0) + (~Wy,;) " ReLU(—0) + by,
(3.87)
=W/ 0+ by,

:hl(w7 u, ])7
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where o is h;_(x, u, I), as desired. O

Proof of Theorem[3.3.1} Proposition [3.3.5] shows that the set of functions computed
by EFNNs with identity activation function, Gy, is a subset of the set of functions
computed by EFNNs with ReLU activation function, G, and Proposition[3.3.3|shows
that G; is dense in L'(1,,). Consequently G, is dense in L'(dy) as one of its subsets
is dense in L!(dy). Density of these sets implies that for any function g € L'(l,,) and
€ > 0, there is a function G € G; which is computed by A; and Ny, EFNNs with

activation functions identity and ReLLU, respectively, such that
|G(x) — g(x)] < (3.88)

for all x € I,,. This implies that EFNNs can approximate any bounded measurable
function arbitrarily well given sufficiently large number of neurons used if activation
function is either identity or ReLU. The question of how much neuron is sufficient to

approximate a function with given the degree of error, is not investigated. [

3.4 Behavior of EF Neural Networks from Parameters Perspective

Discontinuity of ef-operator causes EFNNs to compute very different functions de-
pending on the parameters. This phenomenon can be understood through a simple

example containing three neurons.

Example 3.4.1. Let us assume that activation function is identity for the simplicity.
Also, let us assume that uy = [(wy, b1), (we, by), (ws, bs)| is the parameters of this

network. The functions computed by this network given at below:

—wswy T + wawesign(wix + by) + ws(by — by) + bs  if wy <0,
h3(z, g, 1) = 3 wsby + by ifwy = 0,

wswix + wawasign(wz + by) + ws(by + by) + b3 otherwise.
(3.89)

42



An important observation is that

hH(l) hg(QI, Up, I) = — w3w1T + wg(bg — bl) + bg, (390)
wa2—U™

hn(1)+ hg([L‘, U, ]) =w3w1T + U)3(b2 + bl) + bg. (391)
wo—>

Any neighborhood of uy when wy is zero, will contain parameters giving rise to very

different functions, two linear functions with slopes —wsw, and wswy, unless
wz(wrz + by), (3.92)

is 0. Left and right limits are different for this particular example, this means that if
the desired function lies in one of the limits, then most of the optimization techniques
may fail to converge unless they take this information into account, especially if wo
changes sign during optimization as this change will cause significant changes on

derivatives of other parameters.

Let us now inspect how EFNNs behave on different sets of parameters with respect to
finite set of sample vectors. Firstly, an equivalence relation which relates parameters
causing EFNNs to compute similar functions, will be defined. Afterwards, partitions

induced by this relation will be inspected with respect to activation function.

The EFNNs which will be inspected throughout this section assumed to have [ hidden
layers with i layer containing d; many neurons for all i = 1, 2, ..., [ and inputs are
dop-dimensional vectors. Also, X will denote the set of finitely many dy-dimensional

real vectors which represents the training samples.

Definition 3.4.2. Let u and v be elements of R. They are related by the relation ~ x ¢
if and only if
sign(W, ;) = sign(Wy ,), (3.93)

foralli=2,...,1—1and

sign(h;(x, u, f)) = sign(h;(x, v, f)), (3.94)

forallj =1,2, ..., 1 —2and forany x € X. ~ will be used instead of the ~ x ; for

the brevity at the remainder of this section.
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Proposition 3.4.3. The relation ~ x  is an equivalence relation.

Proof. Recall that, a relation is an equivalence relation if it is reflexive, symmetric

and transitive [77]. Let us check the properties of ~:
o Reflexivity: The relation is reflexive if u ~ u for any u € R [77]], which is
trivially follow from the definition.

e Symmetry: The relation is symmetric if u ~ v implies v ~ u for any u, v €

R [77]. u ~ v implies v ~ u as
sign(W,, ;) = sign(Wy ,), (3.95)

implies

sign(Wy ;) = sign(W,,), (3.96)

forall: =2, ..., —1,and
sign(h;(z, u, f)) = sign(h;(x, v, f)), (3.97)

implies
sign(h;(x, v, f)) = sign(h;(x, u, f)), (3.98)

forallj=1,2,..., ] —2andforany x € X.

e Transitivity: The relation is transitive if u ~ v and v ~ v/ implies u ~ v’ for

any u, v, v'. € R [77]. u ~ v and v ~ v/ implies u ~ v’ as

sign(W, ;) = sign(Wy ,), (3.99)
and

sign(W, ;) = sign(Wy ), (3.100)
implies

sign(W, ;) = sign(Wy ), (3.101)

forallz =2,...,1—1,and

sign(h;(z, u, f)) = sign(h;(x, v, f)), (3.102)
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and

sign(h;(x, v, f)) = sign(h;(x, v/, f)), (3.103)
implies

sign(h;(x, u, f)) = sign(h,(x, v/, f)), (3.104)

forallj=1,2,..., ] —2andforany x € X.

Hence, ~ v, is an equivalence relation. [

Proposition |3.4.3| shows that ~ is an equivalence relation. Consequently, it induces a

partitioning scheme for R [77].

Definition 3.4.4. Let Py s  be the set of points in R which are equivalent to u with
respect to ~ for each u € R. The sets Px ¢ w and Px ¢  for any u, v € R is either

disjoint or same set as ~ is an equivalence relation. Consequently, the family of sets
{Px,1,ulue R} (3.105)

is a partition of 'R. Py will be used instead of the Px ; u for the brevity at the

remainder of this section.

One important issue about these partitions are some of them may not be closed. Con-
sequently, local infimum may not be attainable in some partitions. Furthermore, the
mappings computed in neighbor partitions can be drastically different. Reader can re-
fer to example [3.4.1]to see that the difference between mappings computed by neigh-
bor partitions. Let us assume that there is no input vector, in other words X = (J for
the simplicity. Then, there are three partitions in example[3.4.1} which are Rx R xR,
R x {0} xR, and R x R~ x R. First and third partitions are open and second partition
is closed in this example. Furthermore, second partition is actually boundary of first
and third partitions. Consequently, all three partitions are neighbor. Example [3.4.1]
showed that there are points from both first and third partitions in neighborhood of
points in the second partition, such that the difference between the mappings com-

puted by these points are not bounded by a function of distance between these points.
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Definition 3.4.5. A function g will be called sign-wise linear if

glax + (1 —a)y) = ag(x) + (1 —a)g(y)

forany «a € [0, 1] when
sign(g(x)) = sign(g(y))

for any x andy.
Proposition 3.4.6. If g is a sign-wise linear function, then
sign(g(ax + (1 — a)y)) = sign(g(x)),
forany a € |0, 1], when
sign(g(x)) = sign(g9(y)),
for any x, y € R

Lemma 3.4.7.

sign(ax + (1 — a)y) = sign(x),

sign(x) = sign(y),
foranyx, y € Rand forall a € [0, 1].
Proof. For any x, y € R
ax + (]' - Oé)y € [min(x, y)7 maX<X7 Y)]7
and sign(x) = sign(y) implies one of the following three cases;

y < max(x, y) ifx>0,
0 =min(x, y) < ax+ (1 —a)y < max(x, y) =0 ifx =0,
y

< max(x, y) ifx <0,

in any case sign(x) = sign(ax + (1 — a)y), as desired.
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Proof of Proposition[3.4.6] This is immediate result of Lemma Replacing x

with g(x) and y with ¢(y) at equations (3.110) and (3.111) proves this proposition.
0

Proposition 3.4.8. Partition P, is convex for each u € R if activation function f is

sign-wise linear.
Lemma 3.4.9. If f is a sign-wise linear function, then
hi(x, av + (1 —a)V', f) = ah;(z, v, f) + (1 — a)h;(x, V', f), (3.116)

for any u € R, for any v, v' € Py, for any x € X, for any o € |0, 1], and for all
1=1,2, ..., —1landifi <[ —1, then

sign(h;(z, av + (1 — )V, f)) = sign(h;(x, u, f)). (3.117)

Proof. v, will denote

Vo =av + (1 —a)Vv/, (3.118)
throughout this proof. Let
hi(z, vo, f) = f(ni,a(2)), (3.119)
fori=1,2,...,(I—1).If
n; o(x) = an; o(x) + (1 — a)n,; 1, (3.120)

for € X, then equation (3.116) is satisfied fori = 1, 2, ..., (I — 1) as f is a sign-
wise linear function. If equation (3.116) is satisfied, then equation (3.117) is, also,
satisfied by Proposition [3.4.6| as

sign(h;(x, u, f)) =sign(h;(x, v, f)) (3.121)
sign(h;(z, v, f)) =sign(h;(x, v/, [)) (3.122)
as v, v/ € Py implies v ~ u and v/ ~ u, and by transitivity v ~ v/ if i < — 1.
If s = 1, then
n .(x) =W, @ +by,
=(aW, 1+ (1 - )Wy 1)z + (aby 1 + (1 —a)b,,)  (3.123)

=amy o(x) + (1 — a)ny 1 (x),
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as desired.

If i < [, then

ni,a(m) = Sign(wva,i)Thi—l(w7 Va, f) + Wga,iSign(hi—l(m7 Va, f)) + bva,i
(3.124)

First term on the right side of the equation (3.124]) can be written as,
OéSign(WV,i)Thifl(wa v, f) + (1 - &)Sign(wv/,i)Thifl(wa Vla f)7 (3125)

assuming the claim shown for ¢ — 1 and using the fact that u ~ v ~ Vv’ with

Claim[3.4.71
Second term on the right side of the equation (3.124)) can be written as

aWy, sign(h;_(z, v, f)) + (1 — o)Wy, ;sign(h;_(z, v/, [)), (3.126)
assuming the claim shown for 7 — 1 and using the equation with Claim[3.4.7]
Third term on the right side of the equation (3.124)) can be written as

aby i + (1 — )by ;. (3.127)

Combining all three terms results
n,; =ang; + (1 —a)ng (3.128)

as desired.

Proof of Proposition The partition P, is convex if
Vo =av+ (1 —a)v' € Py, (3.129)

for any v, v/ € P, and for any o € [0, 1]. v, € Py if v, ~ u by definition or

equivalently
sign(Wy,, ;) =sign(Wy,;) (3.130)

sign(h;(x, v,, f)) =sign(h;(x, u, f)) (3.131)
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foralli=2,...,1—1,7=1,2,...,1l—2,and forany « € X.
v, v/ € Py, implies
sign(h;(z, v,, f)) = sign(h;(z, u, f)) (3.132)

forany x € X and forallv = 1, 2, ..., [ — 2 by Lemma [3.4.9| and it also implies

v ~ uand v/ ~ u. By transitivity of ~, v ~ v’ which implies

sign(Wy,;) = sign(Wy;), (3.133)
sign(Wy ;) = sign(Wy/ ), (3.134)

)

forany ¢ = 2, ..., [ — 1. Equation (3.134)) implies

sign(Wy ;) = sign(Wy_ ), (3.135)

by Lemma and when combined with equation (3.133) results equation (3.134).

Therefore, v, ~ u and consequently, P, is convex. O

3.5 Chapter Summary

This chapter starts with defining ef-operator and discussing some of its prominent
properties, such as multiplication free-implementability similarities and dissimilar-
ities to vector multiplication. Afterwards, a feed forward network architecture is
proposed based on ef-operator. Remainder of the chapter analyzes the properties of
proposed network. Analysis shows that 4 layered or deeper proposed networks have
universal approximation capacity if activation function is selected as either identity
or ReLLU. Analysis also includes the dependency of EFNNs on the parameters with
respect to some set of input vectors. An equivalence relation between parameters is
defined with respect to input vectors and the activation function. Analysis of this re-
lation showed that partitions induced by this relation splits the parameter space into
convex sets if the activation function behaves linearly between two points whose sign
under the activation function is same. Analysis also shows that, mappings computed
by the last hidden layer of EFNNs are linear with respect to parameters in each parti-

tion at input vectors.
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CHAPTER 4

MODIFIED BACKPROPAGATION ALGORITHM WITH LINE SEARCH
FOR TRAINING EF NEURAL NETWORKS

Classic ANNs employ generally well-behaving activation functions, which have con-
tinuous partial derivatives on the whole space. However, this is not the case for
EFNNs. In Section [3.4] we showed that parameter space of EFNNs can be splited
into convex partitions where the resulting functions are similar to each other, while
different partitions may contain different functions. Some of these partitions are not
closed and consequently, local optimum may not be attainable in these partitions.
Also, transition between different partitions may cause unbounded changes on partial
derivatives causing the search algorithms to diverge from desired local optimum. This
section introduces a modified version of backpropagation algorithm, called backprop-
agation with line search (BLS), which considers the properties of EFNNs mentioned
in the previous chapter. In the following subsections, we first analyze the training of
EFNNs to approximate linear functions with standard backpropagation algorithms.
Next, we discuss the problem of non-attainable local optimum through this analy-
sis. Afterwards, we propose a possible solution to this problem, namely the BLS

algorithm. Finally, we analyze the convergence properties of BLS algorithm.

4.1 A case study: Learning Linear Functions

Linear functions are one of the simplest class of functions and usually can be rep-
resented by most of the machine learning algorithms. However, training an EFNN

to represent a linear function with standard backpropagation algorithm is quite dif-
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ficult. A simple e fnn containing 4 neurons with identity activation function trained
to approximate a simple linear function y = 2z. 100 data points uniformly sampled
from the interval [—100, 100] as training samples. Training is done using adaptive
moment estimation (ADAM) optimization algorithm without minibatches. Learning
rate is taken as 1 during training trials. Suggested values used for other hyper param-
eters which are 0.9 for 3;, 0.999 for 3, and 10~® for «. Objective function is taken
as mean square error between predicted values and expected values. 10 training trials
using ADAM optimizers and other hyper parameters are performed with 10 different

sets of initial parameters sampled according to following normal distributions,

2
N (0, m) 4.1)
N(0, 107%), (4.2)

where n;, is the number of neurons in the previous layer, and n,,; is the number
of neurons in the current layer as suggested by Glorot et al. [33]. Weights are sam-
pled independently from the distribution (4.1]) and biases are sampled independently
from the distribution (4.2). Each training trial is halted after 100,000 iterations unless

algorithm terminated earlier. Results of these training trials can be seen in figure 4.1

One important phenomenon to notice in figure |4.1|1is that training procedure repeat-
edly minimizes the objective function by converging to global optimum, and diverg-
ing from this point when it gets too close. ADAM, optimization method is a robust
method which is designed to be wide range of optimization problems. In the case of
optimizing difference between linear function and approximation calculated by the
EFNNs, ADAM, method generates a sequence of update points toward the global
optimum. However, when the distance between the current parameters and global
optimum becomes sufficiently small, next update value causes transition to another
partition resulting unbounded increase in MSE. ADAM, method generates another se-
quence of update points toward the global optimum until it diverges again. Note that,
even for linear functions, which are exceedingly simple functions, standard backprop-
agation algorithm cannot converge when training EFNNs. Considering the complex
data sets, EFNNs may result in more complex problems, which cannot be solved

without considering properties of EFNN .
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Figure 4.1: Change of mean squared error during training EFNN with standard back-

propagation algorithm to approximate the linear function y = 2z.
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4.2 Backpropagation with Line Search

Standard backpropagation algorithm given in algorithm [2.1] can be divided into three
sub-procedure. 1) Calculating objective function with a forward pass, ii) computing
minimizers for parameters and iii) updating parameters. Proposed modification is to
add a line search between minimizer, u,” and current parameters u, before updating

them.

Let L be the objective function to minimize, M be an optimizer which returns min-
imizer vector for the objective function, and X x ) be the input vectors with their
expected output. Assuming that training is done for a [-layered EFNN with starting
point ug, proposed algorithm can be seen at A = {\},2, on the algorithm is a

sequence with \; > 1 foreacht =1, 2, ..., and

exists and it is finite. The backpropagation with line search (BLS) algorithm usign

these notations given in pseudo-code §.1}

Suggested modification is based on the observation that partitions, P,,, are convex by
proposition[3.4.8] which means that any point over a line segment between u, and an-
other point u} will reside in Py,, if u} € P,,. The main idea is, if the minimizer causes
an increase on the objective function, then there is two possibilities. First possibil-
ity is that minimizer is still in the same partition, however magnitude of the update
was too much that local optimum is missed. Second possibility is that minimizer re-
sides in another partition and mappings computed in this partition are different than
mappings computed in previous partition and the distance between these two sets of
mappings is not bounded by the magnitude of the change of parameters. Reader can
refer to example for an example. Line search will find a point decreasing ob-
jective function in the first case, assuming local optimum was on the direction of the
minimizer. However, the latter case is more problematic because of the following
reasons: There are two possibilities, either line search can return to original parti-

tion which means the goal is still at the same local optimum, or line search terminate
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Algorithm 4.1 Backpropagation with line search algorithm
procedure BLS(X, )V, A, uy)

t<—0

while not converged do
o — 2
Ly« L(y(X, w1, f), V)
t—t+1
Compute minimizer, u, ; < M (L, u;,_1)
Awg g —up | —
repeat
a— a2
Li < L(y(X, w1 + aAu_q, f),))
until L', < \L;ora < ¢
if o < ¢ then
Break
else
w — Wy + Auy_q
end if
end while
return u,

end procedure

on another partition. Although, line search terminating on another partition does not
mean that this partition have a lower local infimum. The new partition contains at
least one parameter which is not worse at optimizing objective function than current
parameter. However, this is also the case for standard backpropagation algorithm. In
fact, there is no guarantee that new partition will contain at least one parameter which
minimizes objective function better than current parameter. An additional important
point is that BLS can create a converging sequence to the boundary of a partition if a

local optimum is on the boundary, even if local infimum is not attainable.
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A remark on the selection of . Although, equation (4.3)) restricts the selection of
A, most sequences can be used as A in practice, assuming training will be done for
limited number of iterations. Any sequence of positive real numbers equal or greater
than one with finitely many entries greater than one, satisfies equation (4.3). Small
constant \; values will cause algorithm to exploit current partition to converge to a
point inside the initial partition or another neighbor partition. Exponentially decaying
sequences can be used to search different partitions at the start of training and restrict
search to few partitions near the end of training. Similarly, sufficiently small constant
values can be used to search different partitions without restricting search to current
partition. Smallness of the constant value depends on the objective function. Change
of partition requires change of sign on either some weight or some output. Any
constant value limiting the change from positive to non-positive output due to increase
on objective function can be treated as small. Small constant values will prevent
from current partition to another partition where mappings differ greatly from target
mapping. On the other hand, large constant values will result non-restricted search

causing divergence problem similar to the standard backpropagation algorithm.

4.3 Computational Complexity of BLS

This algorithm computationally is not less efficient than standard backpropagation
algorithm. Modification requires multiple forward pass and multiple parameter up-
dates. However, number of forward passes is bounded with log,(¢), which can be
set according to machine precision and can be treated as constant. Furthermore, BLS
does not require external early stopping criteria to catch the local minimum as algo-
rithm terminates if there is no viable update on the direction of the minimizer. Next
iteration will not produce a new minimizer and consequently algorithm will not con-
tinue to update parameters, assuming optimizer will return the same minimizer at the

same point regardless of iterations.
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4.4 Convergence of Backpropagation with Line Search Algorithm

Let us now, investigate the convergence properties of BLS, and show that it cannot

diverge.

Theorem 4.4.1. Backpropagation algorithm with proposed modification will create a
converging sequence of parameters for EFNNs, regardless of the initial parameters,

w, quality of the minimizer, M, and {\.}, | sequence, as long as

T
Jim E At (4.4)
exists and it is finite.
Proof. Let
L = {Lt:L<hl(X7 ut7f>>|t:07 17 }7 (45)

be the sequence of outputs of objective function after each update.
Ly < MLy, (4.6)

requirement in the algorithm [4.1]implies

t
Ly < [ [ALo < AL, 4.7)
=1
fort =1, 2, ..., where
T
“ﬁ%g” (4.8)

There are three cases to be considered. In the first case, there are finitely many ¢ such
that
Li < Ly (4.9)

In the second case, there are finitely many ¢’ such that
Ly > Lyyy. (4.10)

In the third case, there are infinitely many ¢ satisfying equation (4.9) and there are

infinitely many ¢’ satisfying equation (4.10).
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The first case implies that there is a 7" such that
Ly > Lig, “4.11)

for all ¢ > T. This means that the sequence {Ls,1, Ly, ...} is a monotonically
increasing sequence bounded above with A\Ly. Hence, this sequence converge by the

monotone convergence theorem [76].

The second case implies that there is a 7", such that;
Ly < Lig, 4.12)

for all ¢ > T". This means that the sequence {Lsv,1, L/ 9, ...} is a monotonically
decreasing sequence bounded below with 0. Hence, this sequence converge by the

monotone convergence theorem [76].

The third case implies that there is no 7", such that the sequence {\;}7»” is mono-
tone, and consequently monotone convergence theorem cannot be used in this case.
However, sequence is still bounded both from above, AL, and from below, 0. There-
fore, there exists a subsequence, {L,,, Lg,, ...} of L which converges by Weirstrass-
Bolzano theorem [/6]]. Let us say they converge to 1. Showing for any ¢ > 0, there
exists 7., such that

L —1] <e (4.13)

for any t > T, is enough to show that L converges to 1 [76]. Equation (.8)) implies

that
T
log(A) =log (%E}olc E /\i>
. (4.14)
= lim glogw
Let
t
s = >, log(\y), (4.15)
i=1
for all t. Equation (#.14) implies that
lim s; = log(\), (4.16)
t—o0
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and as a convergence sequence, this sequence is a Cauchy sequence [76]. Conse-

quently, there exists 7}, . such that

|Sm — sn| < log <1 + 21;> 4.17)

for any n, m > Ty . or equivalently

m

1+ ¢
A< — (4.18)
i—l;J[rl I+€/2

assuming m > n. Similarly, there exists 77 . such that

€
m = sal < log (1 ) 4.19
Sm — sn| < log T 4.19)
for any n, m > Tj . given € < ] or equivalently
1— 2
H o< =Y (4.20)
l—e€
i=n+1
assuming m > n.
The sequence {L,,, L,,, ...} converges to ] implies that there exists 75 . such that
Lo, — 1] < €/2, (4.21)
forany ¢t > T ..
It
¢ = min(e, 1/2), (4.22)
and
T = HIELX(T'O7 ) T17€/, TQ,E/’ al}), (423)

then, for any ¢ > T, either there exists ¢’ such that ay = t or ay < t < apyq. If

ay = t, then, |l — 1| < e by equation (4.21)), and otherwise

]_[ ALa <( )(1+e/2)_1+e (4.24)
i=a,+1 /2
Lat/ 1 - 6/2
Ly Bt > - =1 (4.25)
H )\z I—e
i=t+1

Therefore, L converges to 1.

L converges at all three cases, and so it converges. [
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Theorem states that BLS will converge for any given set of initial parameters
and for any minimizer. However, convergence does not guarantee a viable solution.
The final value of objective function is strongly depends on the selection of both
initial parameters and the minimizer. The algorithm can converge to non-infimum
points depending on the choice of initial parameters and update values generated by

the minimizer.

4.5 Chapter Summary

This chapter starts by analyzing the convergence properties for training EFNNs with
the standard backpropagation algorithm. The analysis is exemplified through a simple
problem of learning approximation of a linear function, ¥y = 2z. A modification to
backpropagation is proposed, which adds a line search step before updating param-
eters to prevent EFNNs from diverging. Next, the proposed modification is investi-
gated for training EFNN and motivation behind the suggested modification discussed,
Finally, convergence of training procedures with proposed modification is shown to
be independent from selection of initial parameters and hyper-parameters of opti-
mization technique used. Although, the convergence does not depend on selection of
hyper-parameters and initial parameters, quality of end result depends on the selec-
tion of these parameters. Consequently, proposed modification does not eliminate the

necessity of parameter search for converging to a better local optimum.
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CHAPTER 5

EXPERIMENTS

This section experimentally compares the standard backpropagation algorithm and
backpropagation with line search (BLS) in training EFNN. Experiments are done on
XOR problem, several multi-class classification problems from UCI data sets [53],
and on hand-written digit classification problem, MNIST [52]]. We analyze the clas-
sification accuracies of trained networks with both algorithms using multiple hyper-
parameters, initial parameters and different selections of A, limiting factor on the in-
crease in objective function. Comparisons are done over a variety of network topolo-
gies, activation functions, and optimization methods for each data set.. The code
for experiments is implemented using python with theano library [7]. 32-bit float-
ing point numbers are used during experiments and ¢ is taken as 2732 considering

precision of 32-bit floating point numbers.

5.1 Learning Linear Functions Revisited

In Section {1 we inspect the problems of training an EFNN with standard back-
propagation results. One important problem was that whenever objective function
becomes sufficiently small, the next update on parameters causes jump on output of
objective function. Same experiments are repeated using BLS algorithm. Shared pa-
rameters are not changed during these experiments. BLS related parameter )\, is taken

as

1+ 4", (5.1
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where § = 1 — 1078, Figure shows comparison between training of EFNN with
standard backpropagation algorithm and BLS algorithm.

Figure [5.1] shows that BLS algorithm can either achieve the same loss as standard
backpropagation algorithm, or terminates early without training network properly.
Choice of A does not allow large increases on the loss function. This can be restric-
tive when training procedure requires sequence of points causing increase on the loss
to converge. The sequence generated by the training procedure depends on hyper-
parameters as well as initial parameters. Experiments show that usage of different
initial parameters is enough to overcome this problem. Although, these phenomena
can be observed commonly, proposed algorithm stops early in these cases, usually
around 100™ iteration, allowing multiple initial points to be tried without losing much
time on a “bad” initial parameter set. On the other hand, if BLS train the network
properly, then optimum parameters usually found earlier than standard backpropaga-

tion, and the algorithm terminates training procedure automatically.

5.2 Learning XOR Problem by EFNN

XOR problem is relatively simple non-linear function approximation problem. It
is one of the two binary Boolean function out of sixteen possible binary Boolean
function whose output cannot be linearly separated. Although, it is a simple problem,
it is complex enough not to be classified correctly by linear classifiers. Table [5.1]

describes the XOR operator.

Table 5.1: Description of XOR operator.

r Yy xDy
00 0
0 1 1
1 0 1
1 1 0
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Figure 5.1: Change of mean squared error during training EFNN with standard back-

propagation algorithm and BLS to learn the linear function y = 2x.
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5.2.1 Experimental Design

Training of EFNNs is done using both standard backpropagation algorithm and the
suggested backpropagation with line search (BLS) algorithm. Two different As are
used during the experiments. One A is taken a constant value 1, in other words, BLS
algorithm does not allow any increase on the loss function. Other A is selected as

following exponentially decaying sequence,
Ao=1+0%, (5.2)

where § is a constant in the interval [0, 1). ¢ value taken as (1 — 1078) during exper-
iments. Each version will be called with \; value when results reported in the figures
and tables. Standard back propagation algorithm is a special case of BLS algorithm
with \; = co. The selection of exponentially decaying sequence done according to

following observation,
1 . 52T+1 T

——5 = Ha +677). (5.3)
Experiments are performed by using four different network topologies and two differ-
ent activation functions. Two different optimizers applied to minimize the objective
function. These two optimizers are stochastic gradient descent (SGD) and adaptive
moment estimation (ADAM). These two different activation functions are identity
and ReLU functions. And, these four network topologies tested in the experiments

are as follows,

2 hidden layers each of which containing 2 neurons,

2 hidden layers each of which containing 3 neurons,

3 hidden layers each of which containing 2 neurons,

3 hidden layers each of which containing 3 neurons,

These networks are trained with respect to mean square error at 4 points given in

table [S.1] using each optimizer and activation function combination.
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Each training experiment is repeated with multiple hyper-parameters including dif-
ferent initial parameters, learning rates, and batch sizes. 4 different learning rates
are used during experiments. These learning rates are le-4, le-6, le-8, and le-10.
2 different batch sizes are used during experiments, which are 1 and 4. Each topol-
ogy, activation function, optimizer, learning rate and batch size combination is used
on training of EFNNs with different A sequences starting from 25 different initial

parameters sampled according to following distributions,

2
N (0, m) (5.4)
N(0, 107%), (5.5)

where n;, is number of neurons in the previous layer, and n,,; is number of neurons
in the current layer as suggested by by Glorot et al. [33]. Weights are sampled inde-
pendently from the distribution and biases are sampled independently from the
distribution (5.3). Each training trial halted after 100,000 iterations unless algorithm
terminated earlier. ADAM method specific parameters 3, 5, and ¢ taken as default

values suggested by [48]], which are 0.9, 0.999, 10~%, respectively.

5.2.2 Performances of EFNN with Standard Backpropagation and BLS

Table [5.2] presents the least mean square error obtained by standard backpropaga-
tion and the suggested BLS method using different hyper-parameters and initial pa-
rameters for each network topology, activation function, and optimizer triplet. Fig-
ure 5.2 shows the change of MSE during the training of one particular triplet consist-
ing ADAM optimizer, ReLU activation function and topology consisting of 3 hidden
layers each of which containing 3 neurons for each backpropagation version. Each
graph includes results of 20 trials selected according to least mean square error they

achieved.

Figure[5.2]shows that while most of the trials with standard backpropagation achieves
the small MSE, they continue to oscillate greatly even after reaching to optima allow-
ing MSE to increase as much as 108%. However, there are trials among these 20 trials

which cannot achieve acceptable MSE levels, even though each hyper-parameter set
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Table 5.2: Least mean squared error achieved by standard backpropagation, \; = o,
BLS with constant A, \; = 1 and BLS with exponentially decaying A\, \; = 1 + §2'
where 6 = 107 on XOR problem using ADAM and SGD optimizers with ReLU
and identity activation functions for networks consisting 2 and 3 hidden layers which
contain either 2 or 3 neurons.

Network At SGD ADAM
2 hidden layers o0 1.01e — 09 0.00e + 00
2 neurons 1 2.11e — 02 3.02e — 06
Identity 1+6% | 1.18¢—02 3.02¢e — 06
2 hidden layers o0 4.00e — 12 0.00e + 00
2 neurons 1 7.2le — 12 2.32e— 14
ReLU 146% | 7.21e—12 1.34e — 13
2 hidden layers o0 7.29e — 10 0.00e + 00
3 neurons 1 2.75e¢ — 09 1.12¢ — 03
Identity 1+ 6% | 2.75e —09 1.48¢ — 05
2 hidden layers o0 7.98e — 12 0.00e + 00
3 neurons 1 2.82e — 11 9.15e¢ — 17
ReLU 146% | 2.82 —11 4.88¢ — 18
3 hidden layers o0 1.57e — 08 0.00e + 00
2 neurons 1 5.07e — 03 4.00e — 11
Identity 1+6% | 1.42e—09 3.63e — 11
3 hidden layers o0 2.72e — 11  0.00e + 00
2 neurons 1 1.22¢ — 11 1.07¢e — 13
ReLU 146% | 1.22e—11 8.39¢ — 14
3 hidden layers o0 5.73¢ — 11 0.00e + 00
3 neurons 1 1.38¢ — 10 2.21e — 12
Identity 1+02 | 1.38¢—10 2.2le— 12
3 hidden layers o0 1.30e — 11 0.00e + 00
3 neurons 1 5.06e — 12 3.91e — 16
ReLU 14 6% | 4.77e — 12 2.44e — 15

tried using 25 different initial parameter set. On the other hand, although, both ver-
sions of BLS algorithm can achieve acceptable levels of losses only on 3 trials out
of 20 trials, they terminated automatically instead of allowing loss to diverge. BLS

seems to perform worse than standard backpropagation. However, effects of choice
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Figure 5.2: The change of mean squared error with respect to iteration for trials
achieving minimal mean squared error when standard backpropagation, \; = o0,
BLS with constant X\, A, = 1, and BLS with exponentially decaying A, \; = 1 + §2'
where § = 1 — 1078, algorithms with ADAM used for training 3 hidden layered
EFNNs whose hidden layers consist of 3 neurons with ReLLU activation function to

approximate XOR function.
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of initial parameters on the success of training should be noted. Selection of X as
either exponentially decaying sequence or constant 1, does not permit optimizer to
search hyper-parameter space effectively if initial parameter set is bad. This problem

can be solved with increasing the number of initial parameters.

5.3 Learning UCI Data Sets

The UCI data sets [S3] usually used as benchmark data sets to test a novel machine
learning method. These data sets comes from real world problems and include dif-
ferent types machine learning problems including binary-classification, multi-class
classification and regression. Data sets may contain continuous attributes as well as
categorical attributes. In addition to, comparison of BLS and standard backpropaga-
tion algorithm, each of these 9 data sets is used for comparing classic feed-forward
neural networks and ef operator based neural networks (EFNN). These data sets are
abalone, connectionist bench, ecoli, glass identification, iris, leaf, letter recogni-
tion, wine, and yeast data sets. Each data set is used for evaluating the proposed

algorithm by training different EFNNs using different hyper-parameters.

5.3.1 Overview of Data Sets

This section gives a brief overview of each data sets, which includes types of feature
vectors and their dynamic ranges, as well as their mean values and standard devia-
tions. In addition to description of input vectors, number of classes in the data sets,

and number of samples for each of these classes are also provided.

5.3.1.1 Overview of Abalone Data Set

The main task of abalone data set is to predict the age of abalones. Data set con-
tains 4177 samples and each of the samples is represented by a 8-dimensional feature
vector. The type of the entries of feature vector is given in Table Detailed infor-

mation regarding the feature space of this data set can be found at [64].
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Table 5.3: The general structure of the entries of feature vectors of abalone data set.

Dynamic range

Feature entry Type Min Max Mean of each Standard deviation
index value  value entry of each entry

0 Categorical 0 2 0.992 0.796
1 Continuous  0.075  0.815 0.524 0.12
2 Continuous  0.055  0.65 0.408 0.099
3 Continuous 0 1.13 0.14 0.042
4 Continuous  0.002  2.826 0.829 0.49

5 Continuous 1.0e-03 1.488 0.359 0.222
6 Continuous 5.0e-04 0.76 0.181 0.11

7 Continuous  0.002  1.005 0.239 0.139

The number of samples across 28 classes are given in Table in addition to the

structure of feature vectors, given in Table[5.3] The distribution of samples for differ-

ent classes of abalone is highly unbalanced which can be seen from Table [5.4] There

is no prior division of samples as training and test samples. Therefore experiments

done using 5-fold stratified cross validation for abalone data set [71]]. Classes with

indices 0, 1, 21, 22, 23, 24, 25, 26, and 27 have less than 10 samples and consequently

these classes can cause high variance between different folds.

Table 5.4: The number of samples of all 28 classes of abalone data set.

Class index Count

Class index Count

Class index Count

O 00 1 N Nt B~ W —= O

15
57
115
259
391
568
689
634

10
11
12
13
14
15
16
17
18
19

487
267
203
126
103
67
58
42
32
26

20
21
22
23
24
25
26
27

14

—_— N = =N O O
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5.3.1.2 Overview of Connectionist Bench Data Set

The main task of connectionist bench data set is to predict correct vowel whose ut-
terance given by different speakers. Data set contains 990 samples and each of the
samples is represented by a 10-dimensional feature vector. The type of the entries of
feature vector is given in Table[5.5] Detailed information regarding the feature space

of this data set can be found at [23]].

Table 5.5: The general structure of the entries of feature vectors of connectionist
bench data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value  value entry of each entry
0 Continuous -5.211 -0.941 -3.204 0.869
1 Continuous -1.274 5.074 1.882 1.175
2 Continuous -2.487 1.431 -0.508 0.712
3 Continuous -1.409 2.377 0.515 0.759
4 Continuous -2.127 1.831 -0.306 0.664
5 Continuous -0.836 2.327 0.63 0.604
6 Continuous -1.537 1.403 -0.004 0.462
7 Continuous -1.293 2.039 0.337 0.573
8 Continuous -1.613  1.309 -0.303 0.57
9 Continuous -1.68  1.396 -0.071 0.604

The number of samples across 11 classes are given in Table [5.6] in addition to the
structure of feature vectors, given in Table @ The distribution of samples for dif-
ferent classes of connectionist bench is balanced which can be seen from Table
There is a prior division of samples as training and test samples. 16 of 30 samples
from each class labeled as training samples and remaining 14 samples labeled as test
samples. This prior division used during experiments instead of 5-fold cross valida-

tion.
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Table 5.6: The number of samples of all 11 classes of connectionist bench data set.

Class index Count Classindex Count Classindex Count

0 90 4 90 8 90
1 90 5 90 9 90
2 90 6 90 10 90
3 90 7 90

5.3.1.3 Overview of Ecoli Data Set

The main task of ecoli data set is to predict the localization site of proteins. Data
set contains 336 samples and each of the samples is represented by a 7-dimensional
feature vector. The type of the entries of feature vector is given in Table Detailed

information regarding the feature space of this data set can be found at [63]].

Table 5.7: The general structure of the entries of feature vectors of ecoli data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value value entry of each entry
0 Continuous 0 0.89 0.5 0.194
1 Continuous  0.16 1 0.5 0.148
2 Continuous  0.48 1 0.495 0.088
3 Continuous 0.5 1 0.501 0.027
4 Continuous 0 0.88 0.5 0.122
5 Continuous  0.03 1 0.5 0.215
6 Continuous 0 0.99 0.5 0.209

The number of samples across 8 classes are given in Table [5.8] in addition to the
structure of feature vectors, given in Table The distribution of samples for dif-
ferent classes of ecoli is highly unbalanced which can be seen from Table There
is no prior division of samples as training and test samples. Therefore experiments

done using 5-fold stratified cross validation for ecoli data set [[71].
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Table 5.8: The number of samples of all 8 classes of ecoli data set.

Class index Count Classindex Count Classindex Count

0 20 3 5 6 77
1 52 4 2 7 143
2 2 5 35

5.3.1.4 Overview of Glass Identification Data Set

The main task of glass identification data set is to predict the type of glasses. Data
set contains 214 samples and each of the samples is represented by a 9-dimensional
feature vector. The type of the entries of feature vector is given in Table [5.9] Detailed

information regarding the feature space of this data set can be found at [27].

Table 5.9: The general structure of the entries of feature vectors of glass identification
data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value  value entry of each entry

0 Continuous 1.511 1.534 1.518 0.003
1 Continuous 10.73  17.38 13.41 0.815
2 Continuous 0 4.49 2.685 1.439
3 Continuous 0.29 3.5 1.445 0.498
4 Continuous 69.81 75.41 72.65 0.773
5 Continuous 0 6.21 0.497 0.651
6 Continuous 5.43 16.19 8.957 1.42

7 Continuous 0 3.15 0.175 0.496
8 Continuous 0 0.51 0.057 0.097

The number of samples across 6 classes are given in Table in addition to the
structure of feature vectors, given in Table @} The distribution of samples for dif-
ferent classes of glass identification is highly unbalanced which can be seen from
Table[5.10} There is no prior division of samples as training and test samples. There-

fore experiments done using 5-fold stratified cross validation for this data set [71]].
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Table 5.10: The number of samples of all 6 classes of glass identification data set.

Class index Count Classindex Count Classindex Count

0 70 2 17 4 9
1 76 3 13 5 29

5.3.1.5 Overview of Iris Data Set

The main task of iris data set is to predict the type of iris plants. Data set contains
150 samples and each of the samples is represented by a 3-dimensional feature vector.
The type of the entries of feature vector is given in Table Detailed information

regarding the feature space of this data set can be found at [30].

Table 5.11: The general structure of the entries of feature vectors of iris data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value value entry of each entry
0 Continuous 4.3 7.9 5.843 0.825
1 Continuous 2 4.4 3.054 0.432
2 Continuous 1 6.9 3.759 1.759
3 Continuous 0.1 25 1.199 0.761

The number of samples across 3 classes are given in Table [5.12] in addition to the
structure of feature vectors, given in Table @ The distribution of samples for
different classes of iris is balanced which can be seen from Table There is no
prior division of samples as training and test samples. Therefore experiments done
using 5-fold stratified cross validation for iris data set [[71] where each fold contains

10 test samples from each class and 40 training samples from each class.
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Table 5.12: The number of samples of all 3 classes of iris data set.

Class index Count Classindex Count Classindex Count

0 50 1 50 2 50

5.3.1.6 Overview of Leaf Data Set

The main task of leaf data set is to predict the specie of plant which the leaf be-
long to. Data set contains 340 samples and each of the samples is represented by a
14-dimensional feature vector. The type of the entries of feature vector is given in
Table [5.13] Detailed information regarding the feature space of this data set can be
found at [[75]].

Table 5.13: The general structure of the entries of feature vectors of leaf data set.

Dynamic range

Feature entry Type Min Max Mean of each Standard deviation
index value  value entry of each entry
0 Continuous  0.117  0.999 0.72 0.208
1 Continuous  1.007  19.04 2.44 2.595
2 Continuous  0.108  0.948 0.514 0.195
3 Continuous  0.485  0.994 0.904 0.114
4 Continuous  0.396 1 0.944 0.115
5 Continuous  0.078  0.858 0.531 0.217
6 Continuous  0.003  0.199 0.037 0.039
7 Continuous  0.001  7.206 0.524 1.038
8 Continuous  0.005  0.191 0.051 0.036
9 Continuous  0.033  0.281 0.125 0.052
10 Continuous  0.001  0.073 0.018 0.014
11 Continuous 2.3e-04 0.03 0.006 0.005
12 Continuous 6.9e-06 0.003 3.9e-04 4.3e-04
13 Continuous  0.169  2.708 1.163 0.584

The number of samples across 30 classes are given in Table in addition to the

structure of feature vectors, given in Table [5.13] The distribution of samples for
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different classes of leaf is balanced which can be seen from Table [5.14l However,
each of the classes has small number of samples. There is no prior division of samples
as training and test samples. Therefore experiments done using 5-fold stratified cross

validation for leaf data set [[71]].

Table 5.14: The number of samples of all 30 classes of leaf data set.

Class index Count Classindex Count Classindex Count

0 12 10 16 20 11
1 10 11 12 21 12
2 10 12 13 22 12
3 8 13 12 23 12
4 12 14 10 24 11
5 8 15 12 25 11
6 10 16 11 26 11
7 11 17 13 27 11
8 14 18 9 28 11
9 13 19 12 29 10

5.3.1.7 Overview of Letter Recognition Data Set

The main task of letter recognition data set is to predict the correct capital letter in the
English alphabet written in one of the twenty different fonts. Data set contains 20000
samples and each of the samples is represented by a 16-dimensional feature vector.
The type of the entries of feature vector is given in Table [5.15] Detailed information

regarding the feature space of this data set can be found at [31].

The number of samples across 26 classes are given in Table in addition to the
structure of feature vectors, given in Table @ The distribution of samples for differ-
ent classes of letter recognition is balanced which can be seen from Table[5.16] There
is no prior division of samples as training and test samples. Therefore experiments

done using 5-fold stratified cross validation for letter recognition data set [[71]].
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Table 5.15: The general structure of the entries of feature vectors of letter recognition
data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value value entry of each entry

0 Categorical 0 15 4.024 1.913

1 Categorical 0 15 7.036 3.304

2 Categorical 0 15 5.122 2.015

3 Categorical 0 15 5.372 2.261

4 Categorical 0 15 3.506 2.19

5 Categorical 0 15 6.898 2.026

6 Categorical 0 15 7.5 2.325

7 Categorical 0 15 4.629 2.7

8 Categorical 0 15 5.179 2.381

9 Categorical 0 15 8.282 2.488

10 Categorical 0 15 6.454 2.631

11 Categorical 0 15 7.929 2.081

12 Categorical 0 15 3.046 2.332

13 Categorical 0 15 8.339 1.547

14 Categorical 0 15 3.692 2.567

15 Categorical 0 15 7.801 1.617

Table 5.16: The number of samples of all 26 classes of letter recognition data set.

Class index Count Classindex Count Classindex Count

0 789 9 739 18 758
1 736 10 747 19 813
2 766 11 792 20 796
3 768 12 761 21 752
4 805 13 753 22 764
5 773 14 783 23 786
6 775 15 783 24 787
7 755 16 803 25 734
8 734 17 748
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5.3.1.8 Overview of Wine Data Set

The main task of wine data set is to predict the cultivar which the wine derived
from. Data set contains 178 samples and each of the samples is represented by a
13-dimensional feature vector. The type of the entries of feature vector is given in
Table Detailed information regarding the feature space of this data set can be
found at [3]].

Table 5.17: The general structure of the entries of feature vectors of wine data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value  value entry of each entry
0 Continuous 11.03  14.83 13 0.81
1 Continuous  0.74 5.8 2.336 1.114
2 Continuous  1.36 3.23 2.367 0.274
3 Continuous  10.6 30 19.5 3.33
4 Categorical 70 162 99.74 14.24
5 Continuous  0.98 3.88 2.295 0.624
6 Continuous  0.34 5.08 2.029 0.996
7 Continuous  0.13 0.66 0.362 0.124
8 Continuous  0.41 3.58 1.591 0.571
9 Continuous  1.28 13 5.058 2.312
10 Continuous  0.48 1.71 0.957 0.228
11 Continuous  1.27 4 2.612 0.708
12 Categorical 278 1680 746.9 314

The number of samples across 3 classes are given in Table in addition to the
structure of feature vectors, given in Table The distribution of samples for
different classes of wine is unbalanced which can be seen from Table 5.18] There is
no prior division of samples as training and test samples. Therefore experiments done

using 5-fold stratified cross validation for wine data set [71]].
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Table 5.18: The number of samples of all 3 classes of wine data set.

Class index Count Classindex Count Classindex Count

0 59 1 48 2 71

5.3.1.9 Overview of Yeast Data Set

The main task of yeast data set is to predict the localization site of proteins. Data
set contains 1484 samples and each of the samples is represented by a 8-dimensional
feature vector. The type of the entries of feature vector is given in Table[5.19] Detailed

information regarding the feature space of this data set can be found at [42].

Table 5.19: The general structure of the entries of feature vectors of yeast data set.

Dynamic range

Feature entry Type Min Max  Mean of each Standard deviation
index value  value entry of each entry
0 Continuous 0.11 1 0.5 0.137
1 Continuous 0.13 1 0.5 0.124
2 Continuous 0.21 1 0.5 0.087
3 Continuous 0 1 0.261 0.137
4 Continuous 0.5 1 0.505 0.048
5 Continuous 0 0.83 0.008 0.076
6 Continuous 0 0.73 0.5 0.058
7 Continuous 0 1 0.276 0.106

The number of samples across 10 classes are given in Table [5.20] in addition to the
structure of feature vectors, given in Table @ The distribution of samples for dif-
ferent classes of yeast is highly unbalanced which can be seen from Table[5.20] There
is no prior division of samples as training and test samples. Therefore experiments
done using 5-fold stratified cross validation for yeast data set [7/1]]. Class with index 8

has less than 10 samples and consequently this class can cause high variance between

different folds.
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Table 5.20: The number of samples of all 10 classes of yeast data set.

Class index Count Classindex Count Classindex Count

0 35 4 429 8 5
1 20 5 44 9 244
2 463 6 163

3 30 7 51

5.3.2 Experimental Design

Selected UCI data sets are multi-class classification problems. Each classification
problem is formulated as the function approximation from feature vectors to one-
hot-vector-encoding of class labels. Experiments for UCI data sets consists of train-
ing trials which are performed by using multiple network topologies, two activation
functions, two optimizers and two objective functions, to approximate these func-
tions. Experiments compare the standard backpropagation algorithm and proposed
algorithm using different A sequences on EFNNs. Five different A sequences are
used for experiments. 4 of 5 different A sequences are constants and other one is
exponentially decaying sequence. 4 constant values are 1, 2, 10, and 100. The con-
stant value 1 does not allow any increase on loss which results strict decrease on
loss, if no mini-batch is used. The constant value 2 allows small increments on loss
which may allow algorithm to explore more regions during any part of the training
without allowing divergence through prevention of visiting “bad” partitions. The loss
should increase drastically when parameters changed from “good” partition to “bad”
partition. The constant value 10 is more relaxed version of constant value 2 and the
constant value 100 should behave almost the same as the standard backpropagation

in most situations. Exponentially decaying sequence employed, is
No=1+6%, (5.6)

where § is 1 — 10~%. The exponentially decaying sequence satisfies the restriction

lim H M, (5.7)
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exists and finite, whenever 6 < 1 as
N
1-62"" = (1=0) ] [(1 + %), (5.8)
t=0

for every N € Z". Also, the sequence consisting of only 1s satisfies the restric-
tion. Although, other three sequences do not satisfy the restriction, violation of the

restriction is not an issue as training trials done for at most 1,000 iterations.

Two different network topologies, consisting of 2 hidden layers and 3 hidden layers
are used for experiments. There is no prior work on these data sets, which uses an
ef operator based algorithm. Henceforth, large number of hidden neuron combina-
tions tested to determine “best” working architectures. All topologies used during
experiments contain the same number of neurons in hidden layers. These numbers
are selected as 5, 10, 20, 50, and 100. Identity and ReLLU functions are considered
for the activation function. Resulting EFNNs are trained with respect to mean square
error and average cross entropy loss functions using ADAM and SGD optimizers. If
average cross entropy used as loss function, then outputs of EFNNs normalized to

interval [0, 1] using softmax function.

Hyper-parameters for SGD are the learning rate and the number of mini-batches and
hyper-parameters for ADAM are the learning rate, the number of mini-batches, (3,
B2, and €. [y, P2, and € is not optimized, instead default values, suggested by original
authors [48]] are used as 0.9, 0.99, and 1078, respectively. Learning rates for the
optimizers are selected as 107, 1075, 107®, 107! using classification accuracy over
training data. Number of mini-batches are selected from 1 and 4 using classification
accuracy over training data. 10 randomly sampled initial parameter sets are selected

for each network topology using following normal distributions

2
N (0, m) (5.9)
and
N(0, 107%), (5.10)

where n;, is number of neurons in the previous layer, and n,,; is number of neurons

in the current layer as suggested by by Glorot et al. [33]. Weights are sampled inde-
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pendently from the distribution (5.9) and biases are sampled independently from the

distribution (5.10).

Full grid-search over hyper-parameters is done with two different initial points for
standard backpropagation algorithm to determine the best working network architec-
ture, activation function, loss function and optimizer combinations. Among these
trials 100 of them are selected for further trials according to average maximal train-
ing accuracy achieved over two initial parameter sets including all network topology,
activation function, loss function and optimizer quadruples, due to time and resource
constraints. Other initial parameters are tested using configurations of these trials for
standard backpropagation algorithm. BLS with different A sequences are also tested

using configurations of these 100 trials over 10 initial parameter sets.

5.3.3 Results

Each subsubsection contains a table presenting the average test accuracy obtained
from different trials by each A sequences using different hyper-parameters and ini-
tial parameters for different network topology, activation function, optimizer and loss
function quadruples. Each table contains a single two hidden layered network with
two activation functions (identity and ReLLU) and single three hidden layered network
with two activation functions (identity and ReLLU). These topologies are selected ac-
cording to maximal average training classification accuracy achieved by each topol-
ogy. The maximal average training classification performance achieved by a topol-
ogy is calculated as follow: Hyper-parameters and initial parameter sets maximaz-
ing training classification accuracy for each optimizer, objective function, activation
function, and A sequence combinations on each fold are determined for each topol-
ogy. Maximum training classification accuracy is achieved during the training using
these hyper-parameters and initial parameter sets for each optimizer, objective func-
tion, activation function, and A sequence combinations on each fold is computed for
each topology. Average of these training classification accuracies is computed over
each fold for each optimizer, objective function, activation function, A sequence, and

topology. Maximal average training performance achieved by each topology is com-
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puted as maximum among average training classification accuracy computed for each

optimizer, objective function, activation function, and A sequence for that topology.

Average test accuracies presented in tables are calculated using different trials from
each fold. Hyper-parameters achieving training classification accuracy for each opti-
mizer, objective function, activation function, and A sequence combinations on each
fold which is not less than 0.99 times the maximum training classification accu-
racy achieved by these combinations determined for each topology. Test accuracy
at the iteration which achieves maximum training classification accuracy, for each of
these hyper-parameters, optimizer, activation function, A sequence, fold, and topol-
ogy combinations computed. If there are more than one such iterations, then the
iteration achieving the smallest training loss is used. Average of these test accuracies
is presented for each optimizer, objective function, activation function, A sequence,

and topology combination.

Each subsubsection also contains a figure presenting the change of objective function
with respect to iterations for selected optimizer, objective function, activation func-
tion, topology and A sequence combination. The change of objective function with
respect to iterations is given for the trials which are used for calculation of average

test accuracy.

Finally, each subsection contains a comparison between average classification perfor-
mances achieved by classic feed-forward neural networks (FNN) and average classi-
fication performances achieved by EFNNs. These comparison is done using network
topologies selected for comparison of BLS and standard backpropagation algorithm,
applied to EFNNs. FNNs are trained using activation functions, objective functions
and optimizers used when BLS and standard backpropagation algorithm compared.
Average classification performances achieved by EFNNs are calculated using net-

works trained with standard backpropagation algorithm and BLS algorithm.
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5.3.3.1 Abalone Data Set

Table[5.21|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on abalone
data set. FNNs trained using only standard backpropagation algorithm, while EFNN's
trained with backpropagation with line search (BLS) with different A sequences in
addition to standard backpropagation algorithm. The average classification accuracy
presented on table for different network topology, optimizer, and objective func-
tion triplets for EFNNs calculated using results of both standard backpropagation al-
gorithm and BLS algorithm. The table[5.21]contains two different network topologies
which are 2 hidden layers each of which contains 100 neurons and 3 hidden layers
each of which contains 100 neurons.

Table 5.21: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReL.U activation functions trained on abalone data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 172 +08 23.14+09 17.2+0.8 23.0+3.0
100 neurons

Identity EFNN 23.0+10 248+18 180+1.6 27.3+23

2 hidden layers FNN 178+ 08 253+15 179+£0.7 237429
100 neurons

RelLU EFNN 209 +05 254+29 194+18 27.2+1.2

3 hidden layers FNN 19.7+20 23.0+17 200+1.8 208+ 1.5
100 neurons

Identity EFNN 251 +20 268+18 252+21 264+24

3 hidden layers FNN 202 +13 26.6+19 20.1+12 244+22
100 neurons

RelLU EFNN 246 +15 248+14 250+11 27.3+13
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Table 5.22: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, A, = 2, \; = 10, A\, = 100 and BLS with exponen-
tially decaying A, \; = 1 + 6% where = 10° on abalone data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
0 231 +1.0 257+18 18.0+1.6 274+22
2 hidden layers 1 t 213+1.8 252+14 18.0+1.6 270+ 1.6
100 neurons 14+6% [213+£1.8 252415 180+1.6 267 +1.5
Identity 2 231 +1.0 259+15 180+1.6 27.9+2.0
10 231 +£1.0 256+15 180+t1.6 27.2+22
100 [231+1.0 262+18 180+1.6 27.8+22
o0 21.1 £ 08 269+22 189+21 270+£1.6
2 hidden layers 1 t 189+20 263+21 187+1.7 269+1.5
100 neurons 1+6% | 194+£23 266+24 184+12 272+1.7
ReLU 2 2044+07 271+19 187+15 266+1.6
10 21.7+19 271 +1.7 18.6+14 269+14
100 | 209+1.8 262+26 190+18 269+ 14
0 249+13 259+19 253+22 267+20
3 hidden layers 1 t 21.54+2.6 209+22 252+22 271 +22
100 neurons 14+6% [21.1 £3.0 235+22 2514+23 26.0+2.0
Identity 2 249 £22 267 +18 252+20 263+1.6
10 255 +1.6 267+19 252+20 265+2.1
100 [ 253 +£19 250+24 2524+20 264+15
o0 248+ 1.6 25.0+22 242+15 271+19
3 hidden layers 1 t 233+19 250+26 23.1+17 267+1.6
100 neurons 1+6%(232+08 250428 23.1+1.7 265416
ReLU 2 243+ 15 248+14 241+14 27.3+14
10 249+1.6 248+14 238+14 273+14
100 | 251 +14 248+14 242+14 273+14

In addition to Table[5.21] Table[5.22]is given which presents the average classification
performances achieved by EFNNs trained with standard backpropagation algorithm

and BLS algorithm using different A sequences. Average classification performances
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computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.22] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of
which contains 100 neurons, similar to Table [5.21]

Table 5.23: The number of different hyper-parameter sets used on trials given in

Figure[5.3]

At i Mini Batch Count ‘ Trial Count

1 5

—4
o0 10 4 )
1 1074 4 \ 7
14462 10°* 4 \ 7
1 4

2 1074
0 4 3
1 4

—4
10 10 A 3
1 4

—4
100 10 A 3

Lastly, Figure [5.3] and Table [5.23] presented. Figure [5.3] shows the change of av-
erage cross entropy with respect to iterations, when the training trials are done with
standard backpropagation algorithm and BLS algorithm with different A sequences to
train EFNNs with network topology consisting 3 hidden layers each of which contains
100 many neurons, and ReLLU activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure [5.3|contains a lot of training trials
resulting hard to read legend. Consequently, we decide to present Table [5.23]instead
of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Figure 5.3: The change of average cross entropy with respect to iteration for trials

achieving maximal classification performance on training data when standard back-

propagation, A\, = oo, BLS with constant As, \; = 1, \; = 2, A, = 10, and \; = 100,

and BLS with exponentially decaying A\, \; = 1+ 6% where § = 1—1078, algorithms

with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with RelLU activation function over abalone data set.
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5.3.3.2 Connectionist Bench Data Set

Table[5.24] presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on connec-
tionist bench data set. FNNs trained using only standard backpropagation algorithm,
while EFNNs trained with backpropagation with line search (BLS) with different A
sequences in addition to standard backpropagation algorithm. The average classi-
fication accuracy presented on table for different network topology, optimizer,
and objective function triplets for EFNNs calculated using results of both standard
backpropagation algorithm and BLS algorithm. The table [5.24]contains two different
network topologies which are 2 hidden layers each of which contains 100 neurons

and 3 hidden layers each of which contains 100 neurons.

Table 5.24: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReLU activation functions trained on connectionist bench data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 147 +00 32.14+07 143+00 47.3+0.1
100 neurons

Identity EFNN 29.0 -+ 0.0 40.7 +0.0 184 +03 450+04

2 hidden layers FNN 154 +00 552+05 13.2+0.0 504 +0.0
100 neurons

ReLLU EFNN 242 +00 515410 115+00 52.7+1.2

3 hidden layers FNN 139+00 31.0+1.7 11.3+£00 47.2+1.1
100 neurons

Identity EFNN 39.3+23 45.0+0.0 39.0+0.2 355+0.0

3 hidden layers FNN 13.6 0.2 58.7+0.0 123+00 513+04
100 neurons

RelLU EFNN 36.1 +1.0 486+3.0 333+1.1 56.0+3.1
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Table 5.25: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, A, = 2, \; = 10, A\, = 100 and BLS with exponen-
tially decaying A, \; = 1 + 6 where § = 10~% on vowel data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
0 290+00 370+17 184 +03 444+4+0.0
2 hidden layers 1 t 182+0.0 258+00 132+0.0 41.8+0.0
100 neurons 14+6% [182+0.0 31.0+£0.0 1324+0.0 41.8+0.0
Identity 2 29.0 £0.0 338+00 184 +0.3 45.2+0.0
10 29.0 £ 0.0 338+00 184 +0.3 45.2+0.0
100 | 29.0 0.0 40.7+0.0 184 +0.3 452+ 0.0
o0 242400 543+00 11.5+00 525+1.5
2 hidden layers 1 t 175+ 0.0 37.7+00 10.6 0.0 35.1+0.0
100 neurons 1+6% [ 13.2+£00 279400 10.6+0.0 351400
ReLU 2 240+0.0 506+09 11.9+0.0 533+09
10 271+ 0.0 50.6 £09 11.9+0.0 52.2+0.7
100 [ 240+00 506+1.0 119+0.0 528+1.0
0 411 +1.0 36.6+33 39.0+0.2 355+0.0
3 hidden layers 1 t 208+ 0.0 190+0.0 36600 30.5+0.0
100 neurons 14+6% [255+00 255+00 36.6+00 31.0+0.0
Identity 2 364+ 0.0 45.0+0.0 39.0+0.2 39.0 4.2
10 394 +21 45.0+0.0 39.0+0.2 390+ 3.2
100 | 394 +21 450+0.0 39.0+ 0.2 37.7+3.7
o0 346+ 0.0 487+23 338+0.1 559+29
3 hidden layers 1 t 242400 292+00 18.7+18 342+0.0
100 neurons 1+6% (242400 284400 181+1.7 342400
ReLU 2 368 0.0 486+32 333+12 564+26
10 36.8 £ 0.0 47.8+34 333+12 558+32
100 |40.2+12 494+2.6 330+13 56.8+3.0

In addition to Table[5.24] Table[5.25]is given which presents the average classification

performances achieved by EFNNs trained with standard backpropagation algorithm
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and BLS algorithm using different A sequences. Average classification performances
computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.25] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of

which contains 100 neurons, similar to Table [5.24]

Table 5.26: The number of different hyper-parameter sets used on trials given in

Figure[5.4]

A¢ i Mini Batch Count | Trial Count
o0 1074 i Z
1 1074 31 i
1+462 107 1 1
2 1074 i ‘31
10 10 i i
100 1074 i i

Lastly, Figure and Table presented. Figure shows the change of av-
erage cross entropy with respect to iterations, when the training trials are done with
standard backpropagation algorithm and BLS algorithm with different A sequences to
train EFNNs with network topology consisting 3 hidden layers each of which contains
100 many neurons, and ReLLU activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure contains a lot of training trials

resulting hard to read legend. Consequently, we decide to present Table [5.26]instead
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of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Figure 5.4: The change of average cross entropy with respect to iteration for trials

A =2

achieving maximal classification performance on training data when standard back-
propagation, A\; = oo, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A, \; = 1+ 62 where § = 1 — 108, algorithms
with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with ReLLU activation function over connectionist bench data set.
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5.3.3.3 Ecoli Data Set

Table[5.27|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on ecoli data
set. FNNs trained using only standard backpropagation algorithm, while EFNNs
trained with backpropagation with line search (BLS) with different A sequences in
addition to standard backpropagation algorithm. The average classification accuracy
presented on table for different network topology, optimizer, and objective func-
tion triplets for EFNNs calculated using results of both standard backpropagation al-
gorithm and BLS algorithm. The table contains two different network topologies
which are 2 hidden layers each of which contains 100 neurons and 3 hidden layers

each of which contains 100 neurons.

Table 5.27: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReL.U activation functions trained on ecoli data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 60.1+2.0 753+51 58.54+3.7 63.1+49
100 neurons

Identity EFNN 533+26 853+43 527+24 84.4+3.5

2 hidden layers FNN 62.8 +3.0 751 +5.1 628+3.0 61.6=+3.7
100 neurons

RelLU EFNN 642+12 84.1+44 64.0+14 83.7+3.9

3 hidden layers FNN 53.1+27 743+47 522+30 61.2+20
100 neurons

Identity EFNN 855+42 84.0+50 793+1.8 82.6+44

3 hidden layers FNN 6414+1.1 666+42 61.0+27 60.24+38
100 neurons

RelLU EFNN 798 +3.2 83.0+5.0 73.8+41 844+ 3.2
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Table 5.28: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, A, = 2, \; = 10, A\, = 100 and BLS with exponen-
tially decaying A\, \; = 1 + 6% where 6 = 10~ on ecoli data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
0 532427 842+40 52.7+24 845 +3.7
2 hidden layers 1 t 539+21 81.0+24 527+24 848+44
100 neurons 14+6% [539+21 805+13 527+24 84.0+42
Identity 2 532+27 848+44 527+24 850+35
10 532 +£27 851+44 527+24 849 +35
100 | 532+27 85.0+44 527+24 848+34
o0 63.7+09 835+48 641 +14 825+43
2 hidden layers 1 t 623 +49 724+42 557+94 T1.6+£55
100 neurons 1+6% [ 63.1+43 73.6+50 623+45 77.3+6.3
ReLU 2 640+12 844+32 640+14 83.8+30
10 643+12 832+51 640+14 84.1+39
100 | 645 +1.2 843+34 639+13 843 +25
0 852 +45 828+40 793+18 8l14+54
3 hidden layers 1 t 699+6.1 814+23 640+49 86.0+3.1
100 neurons 14+6% |75.0+33 832426 640+49 86.6+ 3.2
Identity 2 85.5+39 844+53 793+18 805+53
10 855+39 84.6+43 793+18 79.0+5.7
100 | 85640 845+49 793+18 81.2+52
o0 80.6 +3.7 83.1+34 738+37 82.0£3.7
3 hidden layers 1 t 582+41 769+12 556+21 759+24
100 neurons 1+6%|605+34 755+34 579+35 768+ 1.8
ReLU 2 792+24 844 +50 737+44 834440
10 79.1 +37 838+43 73.6+47 835+39
100 | 79.1+£2.8 844+44 739 +3.7 833140

In addition to Table[5.27] Table[5.28]is given which presents the average classification
performances achieved by EFNNs trained with standard backpropagation algorithm

and BLS algorithm using different A sequences. Average classification performances
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computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.2§] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of

which contains 100 neurons, similar to Table

Table 5.29: The number of different hyper-parameter sets used on trials given in

Figure[5.5]

At f Mini Batch Count | Trial Count
c e L | o
1 10 i ;
1+6% 1074 31 ‘51
R
10 107 i i?
100 1074 i i;

Lastly, Figure [5.5] and Table [5.29] presented. Figure [5.5] shows the change of mean
squared error with respect to iterations, when the training trials are done with standard
backpropagation algorithm and BLS algorithm with different A sequences to train
EFNNs with network topology consisting 2 hidden layers each of which contains 100
many neurons, and identity activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure[5.5|contains a lot of training trials

resulting hard to read legend. Consequently, we decide to present Table [5.29]instead
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of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Figure 5.5: The change of mean squared error with respect to iteration for trials
achieving maximal classification performance on training data when standard back-
propagation, A\; = oo, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A, \; = 1+ 62 where § = 1 — 108, algorithms
with ADAM are used for training 2 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with identity activation function over ecoli data set.

94



5.3.3.4 Glass Identification Data Set

Table[5.30|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on glass iden-
tification data set. FNNs trained using only standard backpropagation algorithm,
while EFNNs trained with backpropagation with line search (BLS) with different
A sequences in addition to standard backpropagation algorithm. The average classi-
fication accuracy presented on table for different network topology, optimizer,
and objective function triplets for EFNNs calculated using results of both standard
backpropagation algorithm and BLS algorithm. The table [5.30]contains two different
network topologies which are 2 hidden layers each of which contains 100 neurons
and 3 hidden layers each of which contains 100 neurons.

Table 5.30: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReL.U activation functions trained on glass identification data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 408 +79 483 +87 421+74 577+82
100 neurons

Identity EFNN 50.8 +10.2 60.7 +60 479 +10.0 59.6 +5.0

2 hidden layers FNN 436 +47 50.1+9.7 481 +28 57.1+6.3
100 neurons

RelLU EFNN 51.0 +-40 55.0+7.2 421+114 564 +38

3 hidden layers FNN 36.7+29 5024+103 37.0+34 585+7.0
100 neurons

Identity EFNN 444 +54 575+58 554+11.7 60.1+7.2

3 hidden layers FNN 37.7+85 56.2+51 392+93 562+70
100 neurons

RelLU EFNN 55.2+73 548+77 53.0+51 59.1-+5.5

In addition to Table[5.30} Table[5.31]is given which presents the average classification

performances achieved by EFNNSs trained with standard backpropagation algorithm
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Table 5.31: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, A, = 2, \; = 10, A\, = 100 and BLS with exponen-
tially decaying A\, A, = 1 + 6% where § = 10~® on glass data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
o0 410+73 61.6+56 465+99 585+46
2 hidden layers 1 t 480+ 13.1 315+83 479+93 41.8+38
100 neurons 14+6% | 478466 47.74+121 479+93 41.8+48
Identity 2 50.7 £10.1 603 +63 465+99 608 +4.38
10 41.0+£73 61.7+35 465+99 60.7+4.7
100 41.0+73 614+£56 465+99 59.1+5.0
o0 500+75 572+78 37.6+106 575+3.1
2 hidden layers 1 t 373 +£ 100 409+81 392497 415+64
100 neurons 14+6% | 447442 435439 394482 402494
ReLU 2 489+59 554+83 398+9.1 557+36
10 503+35 554+64 37.6+88 564+39
100 53.7+41 59.0+8.6 398+9.1 58.6+4.1
o0 344+95 545+63 523+129 597+79
3 hidden layers 1 t 3.1 9.0 389+68 480+79 43.6+38
100 neurons 1+6% | 446+48 393+67 479+24 50.1+93
Identity 2 439+6.1 446+79 558+ 135 58.8+32
10 350+ 11.0 557+6.1 589+103 603 +5.6
100 344+£95 579+58 563+123 62.8+6.7
o0 478 £ 146 556+7.1 528+49 590+6.7
3 hidden layers 1 t 392+9.1 379+83 462+119 457+52
100 neurons 14+6% |47.6+£172 412+72 471+£119 434454
ReLU 2 552+73 498+ 167 583 +58 59.1 £33
10 483+ 156 56.1 £8.1 541 +57 57.8+4.7
100 | 479+149 555+10.1 553+57 574443

and BLS algorithm using different A sequences. Average classification performances
computed by employing ReLLU and identity activation functions trained with mean

squared error (MSE) and average cross entropy objective functions using ADAM and
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SGD optimization methods. The network topologies presented in Table [5.3T] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of

which contains 100 neurons, similar to Table [5.30]

Table 5.32: The number of different hyper-parameter sets used on trials given in

Figure [5.6]

A¢ i Mini Batch Count | Trial Count
0 10~* 31 2
T L]
1+6% 107* i :
2 10~ 31 2
10 107 i 2
100 1074 411 451

Lastly, Figure [5.6] and Table [5.32] presented. Figure [5.6] shows the change of mean
squared error with respect to iterations, when the training trials are done with standard
backpropagation algorithm and BLS algorithm with different A sequences to train
EFNNs with network topology consisting 2 hidden layers each of which contains 100
many neurons, and identity activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure[5.6|contains a lot of training trials

resulting hard to read legend. Consequently, we decide to present Table [5.32]instead
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of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Figure 5.6: The change of mean squared error with respect to iteration for trials
achieving maximal classification performance on training data when standard back-
propagation, A\; = oo, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A, \; = 1+ 62 where § = 1 — 108, algorithms
with ADAM are used for training 2 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with identity activation function over glass identification data set.
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5.3.3.5 Iris Data Set

Table[5.33|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on iris data
set. FNNs trained using only standard backpropagation algorithm, while EFNNs
trained with backpropagation with line search (BLS) with different A sequences in
addition to standard backpropagation algorithm. The average classification accuracy
presented on table for different network topology, optimizer, and objective func-
tion triplets for EFNNs calculated using results of both standard backpropagation
algorithm and BLS algorithm. The table[5.33| contains two different network topolo-
gies which are 2 hidden layers each of which contains 50 neurons and 3 hidden layers

each of which contains 100 neurons.

Table 5.33: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 50 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReL.U activation functions trained on iris data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 90.0+63 67.6+85 547+45 97.6+2.2
50 neurons

Identity EFNN 943+ 3.2 94.0+5.1 90.0+4.7 9694+ 3.5

2 hidden layers FNN 780+75 9444+42 663+1.0 952+33
50 neurons

RelLU EFNN 93.3+3.3 96.7+3.8 947+ 3.8 969 + 3.3

3 hidden layers FNN 655+16 66.6+05 66.7+00 96.8 + 3.1
100 neurons

Identity EFNN 91.2+49 955+43 973+3.1 96.0+4.0

3 hidden layers FNN 659+14 971 +31 653+27 969 + 3.1
100 neurons

RelLU EFNN 975+34 966+36 97.3+33 974+ 3.2
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Table 5.34: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, \;, = 2, \; = 10, \; = 100 and BLS with expo-
nentially decaying A, \; = 1 + 62" where § = 10~° on iris data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 50 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
0 943 +3.2 941+49 90.0+47 969 + 3.6
2 hidden layers 1 t 67.1+55 840+98 80.0+70 88.1+47
50 neurons 1+6% | 67.1+£55 91.6+41 80.0+£7.0 947 +4.0
Identity 2 943 +32 940+52 90.0+47 969 +3.6
10 943 +32 940+52 90.0+47 969 + 3.5
100 | 943 +32 941+52 90.0+47 969 + 3.6
o0 93.1 +3.8 968 +38 940+37 971 +3.2
2 hidden layers 1 t 892+60 903 +35 665+08 928+4.0
50 neurons 1+46% [83.9+70 91.14+£1.6 904+62 93.0+25
ReLU 2 929+42 968 +39 949 +38 97.0+3.1
10 94.6 +44 96.7+36 963+31 969 +34
100 193.1+£37 968+3.6 942+39 969 +3.5
0 78.1+6.1 953+43 974 +3.0 958 +£4.1
3 hidden layers 1 t 80.0+79 84.0+68 96.7+33 96.2+3.6
100 neurons 14+6% | 87.2+59 955+3.6 96.1 £3.6 947 +4.7
Identity 2 912 +£49 96.0+45 974+3.0 959+42
10 78.1 £6.1 955+42 974+3.0 959 +40
100 | 781 £6.1 956+41 974+3.0 960+4.0
o0 97.5+34 969 +34 978 +2.8 974 +33
3 hidden layers 1 t 96.2 £3.1 92.1+45 952+48 957 +44
100 neurons 1+6% [ 944+38 958+3.5 962+39 953437
ReLU 2 97.5+33 966+34 97.1+36 97.8+3.1
10 97.4+34 96.7+40 97.0+35 975+30
100 1973+35 96.7+3.7 973+34 97.7+3.0

In addition to Table[5.33] Table[5.34]is given which presents the average classification
performances achieved by EFNNs trained with standard backpropagation algorithm

and BLS algorithm using different A sequences. Average classification performances
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computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.34] are 2
hidden layers each of which containing 50 neurons and 3 hidden layers each of which

contains 100 neurons, similar to Table[5.33]

Lastly, Figure and Table [5.35] presented. Figure shows the change of mean
squared error with respect to iterations, when the training trials are done with stan-
dard backpropagation algorithm and BLS algorithm with different A sequences to
train EFNNs with network topology consisting 3 hidden layers each of which contains
100 many neurons, and ReLLU activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure contains a lot of training trials
resulting hard to read legend. Consequently, we decide to present Table [5.35] instead
of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Table 5.35: The number of different hyper-parameter sets used on trials given in

Figure[5.7]
A¢ 4 Mini Batch Count | Trial Count
1 37
—4
& 10 4 36
107° ; :
4 1
1 7
—4
1 10 4 .
¢ 1 6
146 107
+0 0 4 9
1 36
—4
10 4 33
2 1 2
1 —6
0 4 1
1 36
—4
10 4 35
10
107° ; 2
4 1
1 36
1074
100 4 35
10-6 1 1
4 1
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Figure 5.7: The change of mean squared error with respect to iteration for trials

achieving maximal classification performance on training data when standard back-
propagation, \; = oo, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A\, \; = 1+ 6% where § = 1—1078, algorithms
with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with ReLLU activation function over iris data set.
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5.3.3.6 Leaf Data Set

Table[5.36|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on leaf data
set. FNNs trained using only standard backpropagation algorithm, while EFNNs
trained with backpropagation with line search (BLS) with different A sequences in
addition to standard backpropagation algorithm. The average classification accuracy
presented on table for different network topology, optimizer, and objective func-
tion triplets for EFNNs calculated using results of both standard backpropagation al-
gorithm and BLS algorithm. The table[5.36|contains two different network topologies
which are 2 hidden layers each of which contains 100 neurons and 3 hidden layers

each of which contains 100 neurons.

Table 5.36: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReL.U activation functions trained on leaf data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 1004+2.0 322448 11.0+0.8 48.0+4.3
100 neurons

Identity EFNN 219+ 39 588 +3.1 142+14 64.1+ 4.6

2 hidden layers FNN 11.8£04 51.6+44 119+0.7 468 +2.7
100 neurons

RelLU EFNN 19.2+35 584+48 95+14 60.5+6.1

3 hidden layers FNN 80+06 296+25 80+06 46.1+5.7
100 neurons

Identity EFNN 50.7+34 583+44 45.6+24 71.04+5.2

3 hidden layers FNN 84+1.1 543+32 90+18 46.0+5.8
100 neurons

RelL.U EFNN 425+33 61.3+39 27.6+24 642435
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Table 5.37: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, \;, = 2, \; = 10, A, = 100 and BLS with expo-
nentially decaying A, \; = 1 + 62" where § = 10~ on leaf data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
o0 219+39 59.1+33 14.0+14 63.1+46
2 hidden layers 1 t 13.0+2.0 324+30 139+24 58.7+43
100 neurons 14+6% [13.0+£20 33.0+£26 139+24 593+53
Identity 2 219 +39 588+28 140+14 645 +48
10 219+39 603+24 140+t14 635+5.6
100 | 21.9+39 60.1 +22 140+ 14 63.1+55
o0 174+ 17 595+34 94+14 64.6+34
2 hidden layers 1 t 112 +£3.6 29.0+5.1 88+21 479+42
100 neurons 1+6% [ 103+£29 288+48 95427 475423
ReLU 2 199 £32 597+46 94+10 637+65
10 191 +27 588+46 98+14 634+6.6
100 183+39 589+45 99+13 64.1+6.6
o0 50.1 +3.3 60.6 +52 45.6 24 70.1 £4.6
3 hidden layers 1 t 120+ 2.1 164 +28 358+3.0 635+36
100 neurons 1+46%[203+£29 155432 358+3.0 62.0+40
Identity 2 48.1 £57 57.0t44 45.6+24 72.2+4.6
10 483+3.7 56.8+t42 456 +24 71.8+44
100 | 493 +£63 582+29 456+24 71.1+5.6
o0 428 +33 62.2+52 26.6+27 633+4.1
3 hidden layers 1 t 103 £2.7 222433 13.1+4.7 482 +3.7
100 neurons 1+6% [ 149+14 199438 122+42 482429
ReLU 2 41.1+£3.6 61.8+36 259+14 64.0+3.7
10 39.8 +£3.8 614+35 265+24 643+35
100 | 41.1+£36 61.2+3.6 265+24 649 +3.2

In addition to Table[5.36] Table[5.37]is given which presents the average classification
performances achieved by EFNNs trained with standard backpropagation algorithm

and BLS algorithm using different A sequences. Average classification performances
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computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.37] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of

which contains 100 neurons, similar to Table [5.36]

Table 5.38: The number of different hyper-parameter sets used on trials given in

Figure

At (¢ Mini Batch Count | Trial Count
w10 411 181
1 1074 i g
1+6% 107 i z
C o L | 7
10 10 i i;
100 1074 i g

Lastly, Figure and Table [5.38| presented. Figure shows the change of average
cross entropy with respect to iterations, when the training trials are done with standard
backpropagation algorithm and BLS algorithm with different A sequences to train
EFNNs with network topology consisting 3 hidden layers each of which contains 100
many neurons, and identity activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table |5.37| Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure contains a lot of training trials

resulting hard to read legend. Consequently, we decide to present Table [5.38]instead
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of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Figure 5.8: The change of average cross entropy with respect to iteration for trials
achieving maximal classification performance on training data when standard back-
propagation, \; = o0, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A, \; = 1+ 62 where § = 1 — 108, algorithms
with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with identity activation function over leaf data set.
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5.3.3.7 Letter Recognition Data Set

Table[5.39|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on letter recog-
nition data set. FNNs trained using only standard backpropagation algorithm, while
EFNNs trained with backpropagation with line search (BLS) with different A se-
quences in addition to standard backpropagation algorithm. The average classifica-
tion accuracy presented on table for different network topology, optimizer, and
objective function triplets for EFNNs calculated using results of both standard back-
propagation algorithm and BLS algorithm. The table [5.39] contains two different
network topologies which are 2 hidden layers each of which contains 100 neurons

and 3 hidden layers each of which contains 100 neurons.

Table 5.39: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReLU activation functions trained on letter recognition data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 77+03 557407 68+08 721+1.8
100 neurons

Identity EFNN 542 +34 662+12 725+1.0 80.1+1.0

2 hidden layers FNN 77+13 795+20 68+06 71.1+24
100 neurons

RelLU EFNN 668 +25 790+06 70.6+1.0 83.3-+1.1

3 hidden layers FNN 60+04 5544+08 6.0+05 695+3.0
100 neurons

Identity EFNN 51.0 +6.1 646 +13 76.2+1.1 804+ 0.8

3 hidden layers FNN 65+03 790+18 64+£02 68.6+26
100 neurons

RelLU EFNN 56.7+39 77.1+12 845+1.2 89.6 +0.8
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Table 5.40: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \;, = 1, \; = 2, \; = 10, A\; = 100 and BLS with exponen-
tially decaying A\, \s = 1 + 62" where § = 10~° on letter data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
o0 544+36 661+16 72.6+1.0 80.2+0.8
2 hidden layers 1 t 49.1+42 303+£82 725+1.0 79.8+0.8
100 neurons 14+06% [ 49.1 £3.8 504+16 725+1.0 79.7+09
Identity 2 543 +34 664+17 726+09 800=+1.1
10 546 +3.3 668 +1.3 72.6+09 80.0+1.1
100 | 543+34 667+12 72.6+0.9 80.0+1.1
o0 66.6 +24 780+12 70.8+0.8 83.4+0.7
2 hidden layers 1 t 559+41 297494 688+09 775+1.5
100 neurons 1+6%[559+19 596+84 68.7+09 774425
ReLU 2 665+24 790+06 705+10 83.5+09
10 672+22 788+06 705+10 832+1.0
100 ] 66.8+25 789+05 705+1.0 83.2+09
o0 423+28 632+17 763 +11 803+0.8
3 hidden layers 1 t 121 4+2.0 113+13 761 +1.1 784+26
100 neurons 14+6% [315+44 127+09 762+ 1.1 80.0+0.8
Identity 2 510 £ 6.1 64.6+11 76.1+12 804 +0.8
10 425+28 641+15 761 +t12 80.2+09
100 | 42.6+29 640+14 761+12 80.3+09
o0 269+1.8 77.5+12 84.6+t1.1 89.5+0.7
3 hidden layers 1 t 279+86 91+03 753+43 833+56
100 neurons 1+6%226+86 154417 739+57 86.1 +£2.0
ReLU 2 56.7+39 756+22 844+1.1 89.3+0.38
10 266+1.6 750+19 845+1.1 89.3+09
100 | 262+13 752+21 84.6+1.2 89.5+0.8

In addition to Table[5.39] Table[5.40]is given which presents the average classification
performances achieved by EFNNs trained with standard backpropagation algorithm

and BLS algorithm using different A sequences. Average classification performances
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computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.40] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of
which contains 100 neurons, similar to Table [5.39]

Table 5.41: The number of different hyper-parameter sets used on trials given in

Figure [5.9]

At 4 Mini Batch Count ‘ Trial Count
o 107 z 31
1 10 4 | 8
1+6% 107 4 12
2 107 4 | 22
10 107 4 23
100 107 4 | 24

Lastly, Figure and Table [5.41] presented. Figure shows the change of av-
erage cross entropy with respect to iterations, when the training trials are done with
standard backpropagation algorithm and BLS algorithm with different A sequences to
train EFNNs with network topology consisting 3 hidden layers each of which contains
100 many neurons, and ReLLU activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table [5.40] Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure contains a lot of training trials
resulting hard to read legend. Consequently, we decide to present Table [5.41]instead
of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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10! Average cross entropy on training data

10'1 L | Il 1

101 T T T T

10°

A=1+47

1071
10!

10°

)\f=10

10!
10?

10°

A+ =100

101
10?

10°

At:2

1071

0 200 400 600 800 1000

Iteration

Figure 5.9: The change of average cross entropy with respect to iteration for trials
achieving maximal classification performance on training data when standard back-
propagation, \; = o0, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A\, \; = 1+ 6% where § = 1—107%, algorithms
with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with ReLU activation function over letter recognition data set.
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5.3.3.8 Wine Data Set

Table[5.42|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on wine data
set. FNNs trained using only standard backpropagation algorithm, while EFNNs
trained with backpropagation with line search (BLS) with different A sequences in
addition to standard backpropagation algorithm. The average classification accuracy
presented on table for different network topology, optimizer, and objective func-
tion triplets for EFNNs calculated using results of both standard backpropagation al-
gorithm and BLS algorithm. The table[5.42]contains two different network topologies
which are 2 hidden layers each of which contains 100 neurons and 3 hidden layers
each of which contains 50 neurons.

Table 5.42: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 50 many neurons employing identity and
ReLU activation functions trained on wine data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 669+44 955+33 658+35 93.8+44
100 neurons

Identity EFNN 67.2+79 904+57 828+80 90.7+52

2 hidden layers FNN 66.1 £6.0 922+41 634+67 924+4.7
100 neurons

RelLLU EFNN 721 +86 893+60 75.8+63 89.2+59

3 hidden layers FNN 61.8+66 934+39 528+19 93.1+44
50 neurons

Identity EFNN 65.3+128 651+62 67.8+114 89.1+5.0

3 hidden layers FNN 643+60 925+43 6194+70 9094+7.6
50 neurons

RelLLU EFNN 81.0+6.7 710+39 877+88 89.0+74

In addition to Table[5.42] Table[5.43]is given which presents the average classification

performances achieved by EFNNs trained with standard backpropagation algorithm
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Table 5.43: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \;, = 1, \; = 2, \; = 10, A\; = 100 and BLS with exponen-
tially decaying A\, \; = 1 + 6% where 6 = 10~% on wine data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 50 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
o0 573+ 6.6 89.7+59 67.8+86 9.1 £5.1
2 hidden layers 1 t 65.8+79 556+23 67.7+88 63.7+8.7
100 neurons 1+6% | 665+83 59.1+7.1 833+£82 656£5.5
Identity 2 66.6 -84 67.8+9.7 704+109 921 +4.S5
10 545+27 898+6.6 71.8+11.3 909 +4.5
100 545+27 919+35 684+£75 91.3+£5.1
o0 728 +77 908+49 76.7+57 90.0+5.8
2 hidden layers 1 t 709 £50 635+45 696+7.7 68.0+9.0
100 neurons 1+6% | 731+68 63.5+45 681+£99 71.1+85
ReLU 2 704 +£94 744+124 771 +6.7 90.6 +4.4
10 724+80 873+83 758+£50 90.1=£59
100 729+80 869+64 T758+43 90.8+ 6.2
o0 669 +47 652+49 646+62 89.2+42
3 hidden layers 1 t 659+29 666+41 682+69 64.0+32
50 neurons 1+6% [ 68.0+11.6 66.6+4.1 71.1+102 643 +54
Identity 2 64.1 £10.7 66.7+41 67.0+£9.7 658 +£9.7
10 669+47 659+33 652+£56 89.9+4.7
100 669 £47 665+60 651+£69 88.6=+5.0
o0 68656 713+42 8l4+11.1 889+75
3 hidden layers 1 t 81.0+6.7 646+42 871 +80 68.0=+3.1
50 neurons 1+6% | 69.1+61 592+54 7944123 67.2+4.1
ReLU 2 79.7+94 673 +48 703+184 67.6+45
10 69.7+58 639+6.7 809+84 855+638
100 69.1+57 756+74 809 +84 89.6+6.3

and BLS algorithm using different A sequences. Average classification performances
computed by employing ReLLU and identity activation functions trained with mean

squared error (MSE) and average cross entropy objective functions using ADAM and
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SGD optimization methods. The network topologies presented in Table [5.43] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of

which contains 50 neurons, similar to Table [5.42]

Table 5.44: The number of different hyper-parameter sets used on trials given in

Figure [5.10]

A¢ 4 Mini Batch Count | Trial Count
o 107 i ;_L
1 1074 i 2
1+6% 107* i 2
RN
107 4 3
10 107 i g
100 1074 i 2

Lastly, Figure [5.10] and Table [5.44] presented. Figure shows the change of av-
erage cross entropy with respect to iterations, when the training trials are done with
standard backpropagation algorithm and BLS algorithm with different A sequences to
train EFNNs with network topology consisting 3 hidden layers each of which contains
50 many neurons, and ReLLU activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table [5.43| Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure contains a lot of training trials

resulting hard to read legend. Consequently, we decide to present Table [5.44]instead
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of a legend which presents the number of trials employing specific hyper-parameter

set for each A sequences.
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Figure 5.10: The change of average cross entropy with respect to iteration for trials
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achieving maximal classification performance on training data when standard back-
propagation, \; = oo, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A, \; = 1+ 62 where § = 1 — 108, algorithms
with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 50 neurons with ReLU activation function over wine data set.
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5.3.3.9 Yeast Data Set

Table[5.45|presents the average classification accuracies are achieved by feed-forward
neural networks (FNN) and ef-operator based neural networks (EFNN) on yeast data
set. FNNs trained using only standard backpropagation algorithm, while EFNNs
trained with backpropagation with line search (BLS) with different A sequences in
addition to standard backpropagation algorithm. The average classification accuracy
presented on table for different network topology, optimizer, and objective func-
tion triplets for EFNNs calculated using results of both standard backpropagation al-
gorithm and BLS algorithm. The table[5.45|contains two different network topologies
which are 2 hidden layers each of which contains 100 neurons and 3 hidden layers

each of which contains 100 neurons.

Table 5.45: Average test classification accuracy achieved by classic feed-forward neu-
ral networks (FNN) and ef operator based neural networks (EFNN) when 2 hidden
layered networks whose hidden layers contain 100 many neurons, and 3 hidden lay-
ered networks whose hidden layers contain 100 many neurons employing identity and
ReL.U activation functions trained on yeast data set.

MSE Cross entropy
Network Architecture SGD ADAM SGD ADAM

2 hidden layers FNN 362 +25 472+23 36.0+21 410+ 14
100 neurons

Identity EFNN 374+ 35 565+29 359+2.0 569 +21

2 hidden layers FNN 346 +23 440+13 352+21 41.0+2.6
100 neurons

RelLU EFNN 36.8+29 53.6+29 37.0+2.0 52.7+3.1

3 hidden layers FNN 326 +25 422423 31.74+1.6 387423
100 neurons

Identity EFNN 549 +3.8 57.3+23 542+34 57.0-+22

3 hidden layers FNN 342 +20 4474+14 331+15 438+1.2
100 neurons

RelLU EFNN 55.6 +35 571+25 366+34 584-+19
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Table 5.46: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \;, = 1, \; = 2, \; = 10, A\; = 100 and BLS with exponen-
tially decaying A\, \, = 1 + 6% where 6 = 10~° on yeast data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 100 many neurons and 3 hidden layered networks whose hidden layers
contain 100 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
o0 374+ 33 569 +£23 359+2.0 568+22
2 hidden layers 1 t 374 +35 553+£26 359+2.0 567+42
100 neurons 14+06% |374+£3.5 564+34 359+20 564+36
Identity 2 374+33 552+35 359+20 568+2.1
10 374 +33 554+34 359+20 57.0+23
100 | 374+33 550+34 359+2.0 57.0+21
o0 364+20 54.1+37 376 +25 528 +3.1
2 hidden layers 1 t 352+29 558+29 373+26 509+30
100 neurons 1+6% | 353+£3.1 56.6+37 37.0+£29 51.7+40
ReLU 2 36.8 £ 3.1 549+3.1 374+29 537+36
10 371 +3.2 555+17 374+28 544+4.1
100 |36.7+3.1 532431 37.1+27 548 +3.5
o0 553+33 567+25 543+£33 575+29
3 hidden layers 1 t 546 +37 568 +3.0 545+33 55.6+35
100 neurons 14+0% | 542+3.0 543+31 544+34 558+28
Identity 2 554 +34 554437 540+35 576+£29
10 550+33 551+33 540+34 58.0+28
100 | 553 £33 550+£35 540+34 584+28
o0 549+29 573+21 383+32 573+24
3 hidden layers 1 t 558 +£22 56.6+25 37.5+39 564 +3.7
100 neurons 1+6% [551+1.7 57.14+34 37.9+35 573433
ReLU 2 55.7+3.0 560+28 36.8+35 588 +18
10 559+3.0 578 +24 37.1+34 57.1+3.1
100 | 555+34 56.1+26 368+34 57.2+26

In addition to Table[5.45] Table[5.46]is given which presents the average classification
performances achieved by EFNNs trained with standard backpropagation algorithm

and BLS algorithm using different A sequences. Average classification performances
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computed by employing ReLLU and identity activation functions trained with mean
squared error (MSE) and average cross entropy objective functions using ADAM and
SGD optimization methods. The network topologies presented in Table [5.46] are 2
hidden layers each of which containing 100 neurons and 3 hidden layers each of
which contains 100 neurons, similar to Table [5.45]

Table 5.47: The number of different hyper-parameter sets used on trials given in

Figure[5.11]

At 4 Mini Batch Count ‘ Trial Count

1 11

—4
o0 10 4 )
1 1074 4 | 7
1+6% 1074 4 | 5
1 6

2 1074
0 4 1
1 7

—4
10 10 4 |
1 7

—4
100 10 4 )

Lastly, Figure [5.1T]and Table presented. Figure[5.11|shows the change of mean
squared error with respect to iterations, when the training trials are done with stan-
dard backpropagation algorithm and BLS algorithm with different A sequences to
train EFNNs with network topology consisting 3 hidden layers each of which contains
100 many neurons, and ReLLU activation function using ADAM optimization method.
These trials achieve maximal training performances when training the EFNNs using
standard backpropagation algorithm and BLS algorithm with different A sequences.
Also, these trials are used to compute average classification accuracy presented at
Table Trials for a specific A sequences differ by the hyper-parameters of opti-
mization method and initial parameter set. Figure[S.I1|contains a lot of training trials
resulting hard to read legend. Consequently, we decide to present Table instead
of a legend which presents the number of trials employing specific hyper-parameter

set for each A\ sequences.

118



MSE on training data
2.0} ' ‘ 1

g 1.5} .

<1.0 L 1
o

05 C 1 1 I i

20} 8
— 1.5} g

0.5 C I | ! 1

20} 8
15} R

1.0 L,__ _

0.5L . . ! .

At:1+(52l

20} 1

il.Ok“ R

0.5t , .

20} 8
15} .

1.0 L 4

0-5 L L 1

A+ =100

20 .
15 g

1.0 L .
0 200 400 600 800 1000
ITteration

Figure 5.11: The change of mean squared error with respect to iteration for trials
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achieving maximal classification performance on training data when standard back-
propagation, \; = o0, BLS with constant As, \; = 1, \; = 2, \; = 10, and \; = 100,
and BLS with exponentially decaying A\, \; = 1 + 6% where § = 1—107%, algorithms
with ADAM are used for training 3 hidden layered EFNNs whose hidden layers con-

sist of 100 neurons with ReLU activation function over yeast data set.
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5.3.4 Discussion

Experiments showed that proposed version of backpropagation algorithm can match
the classification accuracies of standard backpropagation algorithm depending on
choice of A sequence. Results indicates that proposed version fails mostly either
when ADAM optimizer used or when A values close to 1 used. Change of loss func-
tion graphics, figures[5.5] [5.6] indicates that when mbdalambda
values close to 1, decrease on loss function is greater than standard backpropagation.
However, these sequences cause algorithm to converge a non-desired local optimum,
decreasing loss too quickly and preventing update to neighbor partitions which can
lead to better optima points. The problem may solved using different initial parame-
ters. However, this may not solve the problem unless initial parameters sampled from
different distributions. Experiments showed that this problem can also be solved with
usage constants greater than 1 instead of exponentially decaying sequences. Fail-
ure of the algorithm when ADAM optimizer is used can be explained by the fact
that implementation of ADAM optimizer used on training trials is not aware of the
line search step. ADAM method relies previous gradients to estimate new update
values including magnitude of previous gradients as they affect the first and second
moments. However, the line search step changes the magnitude of the update in-
validating the moments calculated by the ADAM method using previous gradients.
This is especially true, when exponentially decaying sequences or sequence of 1s are
used, as most update requires shrinkage on update magnitude to prevent loss function
from increasing. This problem can be solved with modification on ADAM method.

However, necessary calculations are not available at the moment.

Comparisons between average classification performances achieved by FNNs and
EFNNSs indicates that EFNNs might be more suitable for these data sets than FNNSs.
However, parameters used for training FNNs are selected using performances of
EFNNs. Consequently, FNNs may not be trained properly. FNNs should be trained

with more hyper-parameters, before a conclusion can be drawn.
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5.4 MNIST Data Set

MNIST data set is a popular data set used on testing ANNSs. It consists of 70,000
hand-written digit images divided as 60,000 training sample and 10,000 test sample.
Each image in the dataset is a 28x28 gray scale image with intensities represented
with real numbers in the range [0, 1]. Images converted to 1-d vectors of size 784
for experiments. Class distribution in training samples and test samples given in
table The state of the art classification accuracy on the MNIST data set is
99.79%. This classification accuracy achieved by the DropConnect, a special type of
ANN [86]].

Table 5.48: Class distribution for mnist data set

Class index Count in traning data Count in test data

0 5923 980
1 6742 1135
2 5958 1032
3 6131 1010
4 5842 982
5 5421 892
6 5918 958
7 6265 1028
8 5851 974
9 5949 1009

5.4.1 Experimental Design

MNIST is a multi-class classification problems. This classification problem formu-
lated as the function approximation from feature vectors to one-hot-vector-encoding
of class labels. Experiments for MNIST data sets consists of training trials which are
performed using multiple network topologies, activation functions, optimizers and
loss functions,to approximate these functions. These experiments uses same parame-
ters as experiments for UCI data sets except topologies and number of mini-batches.

The selected topologies are limited to following for these training trials,
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e 2 hidden layers each of which containing 500 neurons,
¢ 2 hidden layers each of which containing 800 neurons,

¢ 3 hidden layers each of which containing 800 neurons.

Number of mini-batches selected from 1 and 60 instead of 1 and 4. Experiments com-
pares the standard backpropagation algorithm and BLS using different A sequences.
Five different A sequences used for evaluation. 4 of 5 different A sequences are con-
stants and other one is exponentially decaying sequence. Constant values are 1, 2,
10, and 100. The constant value 1 does not allow any increase on loss, which results
strict decrease on loss, if no mini-batch is used. The constant value 2 allows small
increments on loss, which may allow algorithm to explore more regions during any
part of the training without allowing divergence through prevention of visiting “bad”
partitions. The constant value 10 is more relaxed version and the constant value 100
should behave almost same as standard backpropagation in most situations. Expo-

nentially decaying sequence employed is
No=1+6%, (5.11)

where ¢ is 1 — 1078, The exponentially decaying sequence satisfies the restriction

T
lim H A, (5.12)
is exists and finite whenever 6 < 1 as
N
11— = (1=0) ] J(1+0%), (5.13)

for every N € Z*. Also, sequence consisting of only 1s satisfies the restriction. Al-
though, other three sequences do not satisfy the restriction, violation of the restriction

is not an issue as training trials done for at most 1,000 iterations.

Similar to UCI data sets, two activation functions used with these networks which are
identity and ReLU functions. Resulting EFNNs trained with respect to mean square

error and average cross entropy loss functions using ADAM and SGD optimizers. If
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average cross entropy used as loss function, then outputs of EFNNs normalized to

interval [0, 1] using softmax function.

Hyper-parameters for SGD are learning rate and number of mini-batches and hyper-
parameters for ADAM are learning rate, number of mini-batches, 31, 52, and €. 31, (o
and ¢ is not optimized, instead default values, suggested by original authors [48] used
which are 0.9, 0.99, and 10~%, respectively. Learning rates for optimizers are selected
from 1074, 1076, 10~%, 1071° using classification accuracy over training data. 10
randomly sampled initial parameter sets are selected for each network topology using

following normal distributions

2
/\/(0, m) (5.14)

and
N(0, 107%), (5.15)

where n;, is number of neurons in the previous layer, and n,,; is number of neurons
in the current layer as suggested by by Glorot et al. [33]. Weights are sampled inde-
pendently from the distribution (5.14) and biases are sampled independently from the

distribution (5.193).

Full grid-search over hyper-parameters is done with two different initial points for
standard backpropagation algorithm to determine best working network architecture,
activation function, loss function and optimizer combinations. Among these trials
100 of them are selected for further trials according to average maximal training ac-
curacy achieved over two initial parameter sets including all network topology, ac-
tivation function, loss function and optimizer quadruples, due to time and resource
constraints. Other initial parameters are tested using configurations of these trials for
standard backpropagation algorithm. BLS with different A sequences are also tested

using configurations of these 100 trials over 10 initial parameter sets.

5.4.2 Results

Table presents average test accuracy obtained from different trials by each back-

propagation version using different hyper-parameters and initial parameters for each
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network topology, activation function, optimizer and loss function quadruple. Trials
selected according to maximum training performance achieved during training. The
selection done as follow, maximal training accuracy computed for each trial. After-
wards, maximum value, M;, among these accuracies selected for each loss function,
network topology, activation function and optimizer quadruple. The trials achieving
maximal training accuracy at least 0.99/; included in the calculation of averages.
The test accuracy for each of these trials, taken from the iteration where maximal
training accuracy achieved. If there exists more than one such iteration, then the
iteration with lowest training loss is taken. Networks with 2 hidden layers each con-
taining 500 neurons omitted as their performance was inferior to networks with 2

hidden layers each containing 800 neurons from Table[5.49]

Figure [5.12] shows the change of MSE during training of one particular triplet con-
sisting ADAM optimizer, ReLU activation function and topology consisting 2 hidden
layers each containing 800 neurons for each backpropagation version. Graph includes

only the trials selected for Table [5.49]

5.4.3 Discussion

The experiments for MNIST data set, unlike the experiments for UCI data sets, indi-
cate very similar test accuracies to standard backpropagation. In fact, BLS performs
slightly better than standard backpropagation algorithm. However, effects of selec-
tion of A over different network topologies is not consistent. Figure shows that
change of MSE on training data is very similar on each version. The loss initially de-
creases and achieves a minimum value around 200th iteration, before MSE begins to
fluctuate. Fluctuations exists, even when A taken as constant 1, due to usage of mini-
batches. However, one important issue to notice that hyper-parameters and initial
parameters used on trials of BLS are selected according to the performances of trials
with standard backpropagation. Consequently, standard backpropagation expected to
work well with these parameters, while BLS could have failed. BLS may also work
with other parameters where standard backpropagation failed. However, this claim

requires further experiments for verification.
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Table 5.49: Test classification accuracy achieved by standard backpropagation, \; =
o0, BLS with constant As, \; = 1, \; = 2, \; = 10, A\; = 100 and BLS with exponen-
tially decaying A, \; = 1 + 6% where & = 10~ on MNIST data set, while optimizing
mean squared error (MSE) and cross entopy using ADAM and SGD optimizers with
ReLU and identity activation functions for 2 hidden layered networks whose hidden
layers contain 800 many neurons and 3 hidden layered networks whose hidden layers
contain 800 many neurons.

MSE Cross entropy

Network At SGD ADAM SGD ADAM
o0 879+ 0.1 91.0+02 925+0.0 933+0.2
2 hidden layers 1 t 87.8+£0.1 91.1+£0.2 925+0.0 932+0.2
200 neurons 1+6% | 87.8+0.1 91.04+02 925+0.0 93.3+02
Identity 2 88.0+0.1 91.0+02 925+0.0 933+0.2
10 88.0+0.1 91.0+02 925+0.0 934 +0.2
100 | 88.0+0.1 91.0+0.2 925+0.0 934 +0.2
o0 97.3+0.0 983+02 952+0.1 97.8+0.2
2 hidden layers 1 t 97.3+£0.1 98.6+0.0 952+0.0 97.8+ 0.1
200 neurons 14+6% [973+01 98.6+00 952+0.0 97.8+0.1
ReLU 2 97.3+0.1 983+0.1 952+0.0 97.6+04
10 97.3+0.1 983+02 952+0.0 97.7+0.2
100 [197.3+£01 983+02 952+0.0 97.7+0.3
o0 88.0+0.1 90.7+0.1 92.7+0.1 92.7+0.2
3 hidden layers 1 t 904 +0.1 91.1+04 927+0.1 92.7+0.2
200 neurons 1+6% (879401 91.1+0.2 927 +0.1 92.7+0.1
Identity 2 879 +0.1 90.7+0.2 92.7+0.1 92.7+0.3
10 879+ 0.1 90.7+0.2 927+0.1 92.7£0.3
100 | 87.9+0.1 90.7+0.2 92.7+0.1 92.7+0.3
o0 984 +0.0 97.7+06 982+0.1 98.0+0.3
3 hidden layers 1 t 97.6 £02 979+03 982+ 0.0 98.0+0.3
200 neurons 14+6% [97.8+0.1 97.9+03 98.2+0.0 98.0+0.3
ReLU 2 98.3+0.1 980+04 982+0.1 98.0+04
10 983+0.1 979+04 98.2+0.1 98.0+0.3
100 [983+0.1 97.7+05 982+0.1 98.0+0.3
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Figure 5.12: The change of mean squared error on training data with respect to iter-

0 200

ations for trials with maximal classification accuracy on training data with standard
backpropagation using 2 hidden layers, each of which containing 800 neurons. ReLLU

activation function and ADAM optimizer is used for MNIST data set.
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5.5 Chapter Summary

Standard backpropagation algorithm and backpropagation with line search algorithm
(BLS) with various A sequences are empirically compared in this chapter. Exper-
iments are done over linear function learning problem which is discussed in Sec-
tion .1, XOR problem, 9 multi-class classification tasks from UCI data sets and
MNIST data set to compare the performances of EFNN with classical backpropa-
gation and BLS. Experiments verified that proposed algorithm converges. However,
this can be a limiting factor especially when exponentially decaying sequences or
constant 1 are used. Experiments showed that these kinds of sequences limits the
training procedure to few partitions causing early termination. The early terminations
may fail the training of neural networks. Experiments also showed that this problem
can be solved using constant A sequences greater than 1. Usage of relatively small
constants may sometimes fail to train. However, they are usually more successful
than sequences which do not allow increase on loss in later iterations. Experiments
also verified that, BLS becomes exactly like standard algorithm when larger values of

A are used, as expected.

This chapter also includes a brief comparison between performances of feed forward
neural networks (FNN) and ef-operator based neural networks (EFNN). Comparisons
are done over the selected UCI data sets and comparisons indicates that EFNNs can
achieve similar classification performance to FNNs, when the same number of neu-
rons and hidden layers are used. In fact, our experiments indicate that EFNNs might

perform slightly better than FNNs in some cases.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusion

This thesis concerns with neural network architectures based on a multiplication free
implementable operator, called ef operator. Multiplication free implementable na-
ture of the network has a potential to provide energy efficiency, and makes the net-
work suitable for systems where energy is a limited resource. Previous works on the
ef operator mostly concerned with applicability of the operator to image and signal
processing problems. Some preliminary studies [, 4] applied ef-operators to neu-
ral networks. Initial study [5] failed to attain state-of-the art classification accuracy
with 10% loss on classification accuracy. A recent study in [4] reports improved re-
sults of [3] and attained near state-of-the art classification accuracies. Ef-operator
and methods relying on ef-operator become viable option for an energy efficient re-
placement of artificial neural networks in light of the results of [5] and [4]. These
studies simply replaces the inner product the argument of the activation functions and
applied the standard training methodologies of classical neural networks. Although,
the suggested training methodologies work in the practice, they have a fundamental
problems which may make impossible to use these networks on more complicated
data sets. One of the major problems emerge from the non-differentiable nature of
ef-operator. Ef-operator introduces a jump when input is changed from a positive val-
ued number to a negative valued number, which causes a sudden change on computed

mappings in small neighborhoods. This thesis inspects the dependency between the
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parameters and mappings computed by the suggested networks, and proposed a pos-

sible solution to solve the discontinuity problem.

In this thesis, A new neural network, called ef-operator based neural network (EFNN)
based on ef-operator is proposed. The suggested network is based on the already ex-
isting architecture based on ef-operator, called additive neural networks [4]. Additive
neural networks [4] introduced scaling parameters to approximate arbitrary Lebesgue
integrable functions. Scaling parameters requires multiplication on each hidden lay-
ers which decreases the efficiency gained by avoidance of classic vector multiplica-
tion. EFNNSs use the classic vector multiplication in the first and last hidden layers,
and ef-operator on remaining hidden layers. This architecture allows EFNNs to ap-
proximate any Lebesgue integrable function with a right choice of activation func-
tion and energy efficiency increases with the increasing number of hidden layers.
The suggested design is more suitable for deeper networks than additive neural net-
works. The representation capabilities of EFNNSs is inspected specifically for identity
and ReLU activation functions. We show that if sufficiently large number of neu-
rons are used, then any Lebesgue integrable function can be approximated arbitrarily
well. The multiplication free implementable nature of ef operator and representa-
tion power of EFNNs with simple activation functions, such as, identity and ReLLU,
allows EFNNs to be energy efficient without usage of low precision floating points
and approximations. In addition to, representation capabilities of EFNNSs, the rela-
tion between parameters of EFNNs and resulting mappings analyzed. Our analyze
showed that parameter space can be splited into partitions, so that mappings com-
puted in each partition computes similar functions with respect to the input data. We
showed that, if the activation function satisfies a weaker version of linearity which
we call sign-wise linearity, then these partitions becomes convex. Both identity and
ReLU functions which are our focus as activation function, satisfies sign-wise lin-
earity conditions. Furthermore, output of the last hidden layer immediately before
output layer depends linearly on the parameters at input data. Also, our inspection
showed that mappings computed in neighbor partitions can be drastically different.
This observation combined with the observation of some of these partitions are not

closed, presents a drawback for convergence during the training. If local optimum
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located on the boundary, then it is not attainable and slightly large updates can result
change of partition causing drastic changes on loss. Sudden increase on the loss can
cause divergence in backpropagation algorithm as sudden increase caused by drastic
change on computed mapping which can also result in drastic change on directions

of derivatives.

We propose a modified version of backpropagation algorithm, called backpropaga-
tion with line search, (BLS). BLS algorithm makes a line search in the direction of
update vector to find an update value whose loss is bounded by M\;L; where L; is
current loss. The convergence and performance of BLS algorithm compared experi-
mentally with standard backpropagation algorithm, in Chapter [5 using various data
sets and various choice of A sequences. Experiments show that effectiveness of sug-
gested method heavily depends on the problem, architecture as well as the choice of
optimizer. Suggested method is capable of matching the performances achieved by
standard backpropagation in most cases, even though experiments biased toward the
standard backpropagation algorithm. However, there are cases, where the suggested
method cannot train EFNNSs properly. Experiments showed that training failures usu-
ally happens when small A values are used in conjunction with ADAM optimizer.
When BLS algorithm fail to train EFNNs, algorithm usually terminates very early
around 100" iteration. The early termination of BLS algorithm in case of failure to
train, allows us to try more parameters instead of waiting a bad result. If decaying A
values fail to train EFNN, then small constant A values can be used instead. Usage of
small constant A values permits training procedure to explore other regions, always

allowing to it to reach more optimal points.

6.2 Future Work

Ef operator is a relatively new operator and usage of it in the context of the neural
networks was very limited until recently. This work suggests and analyzes a neural
network architecture based on ef-operator, called EFNN. However, there are many

theoretical and practical questions remained to be answered. We showed that EFNN's
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are capable of approximating Lebesgue integrable functions for specific activation
functions. However, we do not know the representation capabilities of EFNNs in
case of other activation functions. Also, we manage to show the representation ca-
pabilities of EFNNs for 4 or more hidden layered architectures. 2 hidden layered
architectures do not use ef-operator, so we are not interested on them, but 3 hidden
layered architectures requires more attention. There are two important questions to
be answered regarding the representation capabilities of EFNNs. These questions are,
can EFNNs approximate continuous functions arbitrarily well with a suitable choice
of the activation function, and how much neuron is necessary to approximate a func-
tion with given degree of error. Practical concerns include the comparison between
performances of EFNNs and performances of other efficient neural networks, improv-
ing training methods to estimate better local minima and generalizing the EFNN to
different neural network architectures, such as convolutional networks and recurrent

neural networks.

This thesis experimentally evaluated the proposed training algorithms. However, data
sets used on the experiments were relatively small and simple. Experiments should
be repeated with more complex data sets to demonstrate effectiveness of proposed
algorithm. Also, experiments on this thesis solely focused on comparison between
standard backpropagation algorithm and BLS. Future works may include experimen-
tal comparisons between EFNNs and other energy efficient neural network variants,
such as, neural networks employing binary weights and neural networks relying on
approximate computation of neurons and activation functions. Another set of possi-
ble experiments can be done to determine how much energy gained by the usage of

EFNNs with respect to classical ANNSs.

An important direction for the future works is developing an algorithm to train EFNNs
using properties of partitions defined on Section [3.4. We demonstrated that the out-
put of last hidden layer before the output layer linearly depends on the parameters at
training data, in lemma [3.4.9] Also, the output of the output layer linearly depends
on the parameters by definition. These two observation can be combined to develop

a two-phase training algorithm which trains output layer in one phase and trains re-
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maining layers in other phase in a partition. This kind of algorithms will require
efficient sampling of partitions which might be hard as there is exponentially many
partitions exist. A probabilistic selection algorithm can efficiently train EFNNs in
multiple partitions and select “best” trained network. This algorithm is not presented
in this thesis, because we do not know any efficient probabilistic selection algorithm

for these partitions, at the moment.
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